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division phase is triggered by high concentrations of a 
molecule called MPF (maturation promoting factor). The 
production of this factor is stimulated by another molecule 
called cyclin, and MPF eventually inhibits its own produc-
tion. Using M and C to denote the concentrations of these 
two biomolecules (in mgymL), a simple model for their 
interaction is
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  (a)  Suppose that � − 2, � − 1, � − 10, and � − 1. Con-
struct the phase plane, including all nullclines, equilib-
ria, and arrows indicating the direction of movement in 
the plane.

  (b)  From your answer to part (a), what is the qualitative 
nature of the dynamics of M predicted by this model? 
What does this predict about the dynamics of cell  
division?

  (c)  For any equilibrium found in part (a), specify whether 
it is locally stable, unstable, or if the information is 
inconclusive.

Source: Adapted from R. Norel et al., “A Model for the Adjustment of the 

Mitotic Clock by Cyclin and MPF Levels,” Science 251 (1991): 1076 –78.

   (0 , h , 1). The equations become
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dp2

dt
− c2 p2sh 2 p1 2 p2d 2 m2 p2 2 c1 p1 p2

  Suppose that m1 − m2 − 3, c1 − 5, and c2 − 30.
  (a)  Construct the phase plane, including all nullclines, equi-

libria, and arrows indicating the direction of movement 
in the plane when 35 , h , 1.

  (b)  Construct the phase plane, including all nullclines, equi-
libria, and arrows indicating the direction of movement 
in the plane when 1

10 , h , 3
5.

  (c)  Construct the phase plane, including all nullclines, equi-
libria, and arrows indicating the direction of movement 
in the plane when 0 , h , 1

10.
  (d)  From your results to parts (a), (b), and (c), determine 

how habitat destruction is expected to affect the coexis-
tence of the two species.

Source: Adapted from S. Nee et al., “Dynamics of Metapopulations: Habitat 

Destruction and Competitive Coexistence,” Journal of Animal Ecology 61 

(1992): 37–40.

 25.  Cell cycle dynamics The process of cell division is 
periodic, with repeated growth and division phases as the 
cell population multiplies. It has been suggested that the 

CASE STUDY 2c Hosts, Parasites, and Time-Travel

In this part of the case study you will formulate a mathematical model for 
the antagonistic interactions between Daphnia and its parasite using differ-
ential equations. Let’s suppose that there are two possible host genotypes (A 
and a) and two possible parasite genotypes (B and b). Parasites of type B can infect only 
hosts of type A, while parasites of type b can infect only hosts of type a (see Table 1). 
We will derive a set of two coupled differential equations that model the dynamics of the 
frequency of A in the host population and B in the parasite population.

Table 1  
 The outcome of challenges between  

different host and parasite genotypes.

Parasite B

Parasite b

Host A Host a

Infection
occurs

Infection
does not

occur

Infection
does not

occur

Infection
occurs
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A common differential equation used in biology to model the frequency dynamics of 
a particular genotype is

(1) 
df

dt
− f s1 2 f dsr1 2 r2d 

where f  is the frequency of type 1, and r1 and r2 are the per capita reproduction rates of 
the two types. For example, see Exercise 7.2.16. We will use an equation of this form for 
both the host and the parasite populations.

Suppose the per capita reproduction rate of uninfected hosts is rq and that for infected 
hosts is rq 2 sq. The constant sq is assumed to satisfy the inequality 0 , sq , rq and 
represents the reduction in reproductive output of a host due to infection. Similarly, the 
per capita reproduction rate of a parasite that is able to infect a host is rp and that for one 
unable to infect a host is rp 2 sp (the parasite can reproduce in the absence of the host, 
but it does so less well). The constant sp is assumed to satisfy the inequality 0 , sp , rp 
and represents the reduction in reproductive output of a parasite if it is unable to infect 
a host.

Let’s use q to denote the frequency of type A individuals in the host population and 
p to denote the frequency of type B individuals in the parasite population. Suppose that 
host–parasite encounters occur at random with respect to genotype.

 1.   With random encounters, the average per capita reproduction rate for hosts of a 
given type is rB p 1 rbs1 2 pd, where rB and rb are the reproduction rates of the 
host when encountering a type B or type b parasite, respectively. Show that the 
average per capita reproduction rates of hosts of type A and a are therefore

 type A: rq 2 psq 

 type a: rq 2 s1 2 pdsq 

 2.   With random encounters, the average per capita reproduction rate for parasites of 
a given type is rAq 1 ras1 2 qd, where rA and ra are the reproduction rates of the 
parasite when encountering a type A or type a host, respectively. Show that the 
average per capita reproduction rates of parasites of type B and b are therefore

 type B: rp 2 s1 2 qdsp 

 type b: rp 2 qsp 

 3.   Suppose both q and p satisfy differential equations of the form given in Equa-
tion 1. Show that q and p therefore satisfy

 
dq

dt
− sqqs1 2 qds1 2 2pd

 
dp

dt
− sp ps1 2 pds2q 2 1d

 4.   Construct the phase plane including all nullclines, equilibria, and arrows indica-
tion the direction of movement in the plane.

 5.   Explain, qualitatively, how the frequencies of the two parasite genotypes are 
predicted to change over time. Similarly, explain how the frequencies of the two 
host genotypes are predicted to change over time.

BB
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