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SECTION 9.2 CALCULUS WITH PARAMETRIC CURVES = |

9.2 | CALCULUS WITH PARAMETRIC CURVES

B Click here for answers.

1-2 = Find dy/dx.
I.x=\/;*t, y=1 —1t

2. x=tInt, y=sin’t

3-6 = Find an equation of the tangent to the curve at the point cor-
responding to the given value of the parameter.

.x=t*+t,y=t"—1t; t=0

4, x =1tsint, y=tcost; t=1
5. x=12+1 y=+ t=4

6. x=2sin6, y=23cosb; 0= m/4

7-10 = Find an equation of the tangent to the curve at the given
point by two methods: (a) without eliminating the parameter and
(b) by first eliminating the parameter.

7. x=2t+3, y=t*+2t; (53)
8 x=5cost, y=>35sint; (3,4)
9. x=1—1ty=1—-1¢% (1,1)
10. x=1, y=1% (1,1

11-18 = Find dy/dx and d*y/dx>.
I.x=2+1 y=t"+1

12. x=1+ 2cost, y=sin2t
13. x=¢t*—1, y=1t—1

4. x=0+2+1, y=1-1
I15. x =sin 7rt, y = cos mt

16. x=1+tant, y = cos?2t
17. x=¢', y=te*

18. x=1+1¢> y=tlnt

19. Estimate the area of the region enclosed by each loop of the

curve

x=sint — 2cost y=1+sintcost

B Click here for solutions.

20-23 = Set up, but do not evaluate, an integral that represents the
length of the curve.

20 x=1¢ y=1t' 0=st=<1

2l x=1% y=1+41 0<t<2

22. x=tsint, y=tcost, 0<t< /2
2. x=¢ ', y=te¥, —-l1=<t<1

24-29 = Find the length of the curve.

4. x=1 y=1t, 0st<4

25. x=3r—1, y=314 0st<2

26. x =2 —3sin?0, y=cos20, 0<0<m/2
27. x=1+2sin7wt, y=3—2cosmt, 0sstr=<1
28. x=5t+1, y=4—-3t4 0st<2

29. x=-¢'cost, y=e'sint, 0<t=<m

30. Graph the curve

x=tcost+ sint y=tsint — cost —-T<ts=smT

Then use a CAS or a table of integrals to find the exact length
of the curve.

31. Use Simpson’s Rule with n = 10 to estimate the length of the
curvex =Int,y=e¢ ', 1 <t=<2.

32. Set up, but do not evaluate, an integral that represents the area
of the surface obtained by rotating the curve x = 3,y =14
0 =< ¢ =< 1 about the x-axis.

33-35 = Find the area of the surface obtained by rotating the given
curve about the x-axis.

3Box=1>+2/t, y=8y1, 1<1r<9
3. x=c'cost, y=-ce'sint, 0<t<m/2

35. x =2cos 0 — cos 26, y=2sin 6 — sin 26
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9.2 | ANSWERS

A Click here for exercises.

y (3> — 1) (2v1)

20.
21.

22
23.

24,

25.
26.
27.
28.

. V2(e™ —1)

4

1—2v1
2sintcost
1-+Int

1-— —
26+17 (2t +1)°

2cos2t 4(cost — sin2t + sin ¢ sin 2t)

B Click here for solutions.

1—2sint’ (1 —2sint)?
1,2 —34 4

20 6tT

2 6

14-3

TUBt+2 ¢(3t+2)°
. —tanmt, — sec® 7t
. —4sint cos® t, 4costt (3 sin? t — cos? t)

L —(2t+1)€e¥, (6t +5) e

l1+Int In¢
2t 7 48

25
5

Jy VO T 1687 dt

2 [PVt
[TV dt

fil \/e—Zt +ett (14 26)% dt
2 (373/2 - 1)

14
V13

2w

434

30. 3

L

=

N

/

-3

/2 +4+41n(7r—|—\/7r2+4) —41n2

31. 0.7314
32. [ 2nt®/9 + 1682 dt
33, 47.104

15
3. 227 (2¢7 1)

128
35, 128r
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9.2 | SOLUTIONS

SECTION 9.2 CALCULUS WITH PARAMETRIC CURVES = 3

A Click here for exercises.

Lez=Vt—ty=t—t = %:3#71, 1.
dx 1

— =———1,and

dt 2/t

dy dy/at  3t*—1 (3 -1)(2v})

de —dr/dt 1/ (V) -1 1-2V&

dy

2.z =tlnt,y =sin’t = EzQsintcost,
dx 1
E-t(;)—i—(lnt)-l—l—&-lnt,and
dy _ dy/dt _ 2sintcost 8.
dr  dx/dt  1+Int
dy dx
.z =12+t :tht;t:O.— 2 —1, — =2t +1,
TEUALY dt dt +

o dy _ dy/dt 2t
dr  dz/dt 2t+1

Whent =0,z =y =0

and % = —1. An equation of the tangent is

y—0=(-1)(z—0)ory = —=z.

dy

4, x =tsint,y =tcost;t = . E:cost—tsint, 9
dx dy  dy/dt cost—tsint
— = t+t t, and — = .
dt = sint +¢cost, an dr ~ dx/dt ~ sint+tcost
When ¢ (z,y) = (0, —m) and == dy -1 _1 o an
=T, ) = = -
Y dv -7«

equation of the tangent is y + 7 = < (z — 0) or

y:%x—ﬂ.

dy 1 dx 10.
_ 42 — — - = _
5. x=t +t,y—\/_t 4dt 2\/_ 7 =2t+1,s0

de  dxz/dt  2/t(2t +1)

(z,y) = (20,2) and ;lw = % so an equation of the tangent

isy—2= o= (x—20)ory = g+ 2

6. x = 2sin0,y = 3cos0; 0 = 7. 3—0—260s9 n
dy . dy dy/db .
0= —3sin6, = dz/d0 = —2tan6. When 6 = %,

(x,y) = (\/5 3‘/_) and dy/dx = %, s0 an equation of
the tangent is y — 37‘/5 =-3(z—V2)or
y=—3z+3V2.

@)z =2t+3,y=12+2t (53). % — 2t 42, Z—f -2,
dy _ dy/dt dy
and dr ~ du/di t+ t(5,3),t= and ,

so the tangentisy — 3 = 2 (z — 5) ory—2w—7.

2 _(z—3 2 z—3
o=t s (552) e (252)

2

dy z—3 dy
1. Wh =5 —Z =2
dac 5 + 1. Whenz =5, e , SO an
equation of the tangent is y = 2x — 7, as before.

(a) x = bcost, y = Hsint; (3,4). % = 5cost,

dz dy  dy/dt
— = —5sint, == = —cott. At(3,4
at de  daejdt | ° (3,4),
1Y -14 dy 3 :
t=tan" " = =tan” " %, s0 = ——, and an equation
x 3 x 4

dzx
of the tangentisy —4 = —3 (z — 3) ory = -3z + 22,

(b)x2+y2:25,502x+2y3 OOr%:—%. At
dy 3 . .
(3,4), T and as in part (a), an equation of the
tangent is y = —%a:—i— %.
dy dx
. =1-t,y=1-#%(1,1 =-2t,— =—1
@@z ty (L), = B ,
dy  dy/dt dy
= = =2t. At (1,1),t =0 —=0 dth
dr  dz/dt (1,1),£=0,50 5 =0, and the

tangentisy — 1 =0(z — 1) ory = 1.

(b)yy=1-1¢ :1—(1—x2) =2z — z2, so
[dy/dx],_, = [2 —2x],_, = 0, and as in part (a), the
tangentis y = 1.

dy dx

_ 43 42, ay ax _ 2
(a)x—t,y—t,(l,l), a = 2t, 7 St,and
dy _ dy/dt _ 2t _ 2
de — dx/dt — 3t2 7 (fort 7 0). At (1,1), we

have t = 1 and dy/dx = £, so an equation of the tangent

lsyfl— (xfl)ory——x+—
(b) y = 2/, so dy/dx = gx_l/?’. When z = 1,
dy/dx = %, so the tangent is y = %a: + % as before.

L=t 4+ty=1t>+1

dy _dy/dt _ 2t _ 1

dr  dwjdt  2t+1 2+ 1

d (dy\ _ 2 )

dt (%) TS

&Py d (@) _d(dy/dz) /At 2
de?  de \dz)  dz/dt (2t +1)°
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d dy/dt 2cos2t
12 x =t + 2cost, y = sin2t. dz di;dtzleSint;
d (dy\ (1 —2sint)(—4sin2t) — 2cos2t(—2cost)
dt (ﬂ) B (1—2sint)?
4 (cost —sin2t +sintsin 2t)
(1 —2sint)? ’
d’y _ d(dy/dx)/dt 4 (cost — sin2t+ sintsin2t)
dz® dz/dt N (1—2sint)?
d dx
Boo=t-1lLy=t—1> = d—‘Z:1—2t,E:4t3,
dy _dy/dt 1-2t _ 1478 1472,

dr  dz/dt 43 ¢4

d (dy
dt \ dz

&y _ d(dy/dx) /dt _

=3t 478,

da? dr/dt 413 4t 16t7
Waoz=t34+1>+1,y=1-1% % = —2t,
dx 5 dy dy/dt —2t 2
— =32 42 = = = =- ;
at U T a3 o B+
4 (@) -6
dt \ dz (3t+2)*
&’y _ d(dy/dx) /dt _ 6
de> ~  dz/dt  t(3t+2)%
15. * = sinnt, y = cosmt.
dy dy/dt —msinmt )
dr  dx/dt  wcosmt tanat;
Py d (dy\ _ d(dy/dx) /dt _ —msec® it
dr?  dx \dr) dz/dt "~ TcosTt
= —sec® rt.
dy .
16. x =1+ tant,y = cos2t = s = —2sin 2t,
% = sec? t,
dy  dy/dt —2sin2t _
dr ~ dejdt © sec?i 4sintcost - cos>t

= —4sintcos® t;

d (dyy _ ; 2 . 4
dt (dx>_ 4smt(3COS t)( sint) —4cos“t

= 12sin%tcos®t — 4cos ¢,
d’y  d(dy/dz)/dt 4cos®t (3sin’t — cos® t)

dz? dz/dt sec?t
=4cos*t (3 sin® ¢ — cos® t).
17. 2 = e, Yy = te?t.
dy dy/dt (2t+1)e* at
2 = = —(2t+1
de  dz/dt —e~t (@t+1)e
d (dy\ _ _ 3t o, 3t _ 3t
dt(d >— 3(2t+1)e 2e*" = — (6t +5)e
@ _d (dy\ _ d(dy/dz)/dt — —(6t+5) e3t
dz? ~ dx \dz ) dz/dt o —e~t
= (6t +5)e"

4t 4t 34t

18.

20.

21.

22

23.

24,

dy

z=1+t% y=tlnt. = =

dz
(1/t)

dy/dt
dx/dt

1+Int
2t

(1+1nt)2 Int

() - g

EETER

d’y _ d(dy/dx) /dt _ Int

dx? de/dt 43

2.5

(0,1.4) t=tan "2+ nmw

/

VA

-t

J 3

—0.5

The graph of = sint — 2cost,y = 1 +sint cost is

symmetric about the y-axis. The graph intersects the y-axis

whenz =0 =

sint —2cost =0 =

sint = 2cost

= tant=2 = t=tan"'24 nr. The left loop is

traced in a clockwise direction from ¢t = tan™' 2 — 7 to

t = tan~' 2, so the area of the loop is given (as in

Example 4) by
tan~ 12
A = tan—1 2—7rydw

1.1071 (
—2.0344

0.8944

Q

Q

1+ sintcost) (cost + 2sint) dt

This integral can be evaluated exactly; its value is %\/5

L= [} \/(dw/dr)®

+ (dy/dt)*dt

and dz/dt = 3t2, dy/dt = 4> =

L= [} /9" + 16t%dt =

[ VO + 162 dt

L= f2\/(de/de)?

+ (dy/dt)* dt and dz/dt = 2t,

dy/dt = 4,50 L = [7 /A2 +16dt =2 [} /12 + 4 dt.

dr_ sint + t cost and
dt

dy .
_t =cost —tsint =

0

L=["? \/(sint + tcost)® + (cost — tsint)’dt

VT T2 dt
dr/dt = —e*

and dy/dt = e** + 2te* = 2!

(1+2t), so

L= f_ll \/e*% + et (14 2t)* dt.

z=t,y=1t,0<t <4
(dz/dt)* + (dy/dt)*

- (@)’

+ (2t)* = 9t* + 4t>.

L= [/ (de/de)?
_ fO T dt —

+ (dy/dt)* dt
[ t/orr+4dt

== 4148 Vu du (where v = 9t + 4)

48
& @) [ " =

£ (377 1)

L (1483/2 _ 43/2)
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25. 0 =3t—13,y=3t3,0<t <2
dz\ 2 dy 2_ o 2 5
(E) +<E) = (3-3t%)" + (61)
=9(1+222+1Y) = [3(1+12)]?
L=[23(1+¢)dt=[3t+¢°])=14

14

\

—2.2 [ | 22

2. 2 =2 — 3sin?6,y =cos20,0 < 0 < 5
(dz/df)? + (dy/dB)* = (—6sin 6 cos0)® 4 (—2sin 20)°
= (—3sin26)® + (—2sin 26)*

= 13sin? 26
=
/2
L= for/2 v/13sin 20d6 = [7@ cos 20]
0

=2 (-1-1)=VD

27. x =1+ 2sinnt,y =3 —2cos7t,0 <t < 1.

dz ’ + dy ’ = (2mcost)? + (2w sinnt)? = 4>
dt dt) B

= L= [}\/(de/de) + (dy/di2) dt = [} 2mdt = 2r

2. =52 +1,y=4-3t2,0<t<2.

dx '\ ? dy : 2 2 2
(E) + (E) — (100)% + (~68) = 136> =
L= [?V136t2dt = [} V136tdt

L. 2y31¢%)) = 4v/34

—
N

29. x:etcost,y:etsint,OStSW.

(8 () v
+ [e’ (cost +sint)]

=% (2 cos? t + 2sin® t) = 2¢%

= szoﬁx/ietdtzx/i(e"—l)

30. x =tcost+sint,y =tsint —cost, —m <t < 7.
dz/dt = —tsint + 2cost and dy/dt = t cost + 2sint, so
(dz/dt)® + (dy/dt)* = t*sin®t — 4t sint cost +
4cos®t +t?cos® t + 4tsintcost 4 4sin’ t =t + 4 and

SECTION 9.2 CALCULUS WITH PARAMETRIC CURVES = 5

L=[" V2+4dt=2[ V¥ +4dt
Lo [itvEFa+2n(t+VETFD)]
=2[2Vm +4d+2In (7 + V72 +4) —2In2)]
=mym2+4+4In (71—1—\/71'2——&-4) —4In2
~ 16.633506

dx 1 dy _
t atad 29 t
= T and 7t e =
L= flz t—2 + e—2t dt. Using Simpson’s Rule with
n=10,Az=(2—1)/10=0.1and f (t) = Vi 2 + e 2
weget L~ &L [f(1.0) +4f (1.1) + 2f (1.2) +

4 2f (1.8) + 4f (1.9) + f (2.0)] ~ 0.7314

3. z=Intandy =e”

2. r=t"andy =t* = dx/dt=3t> and dy/dt = 4¢>.

So S = [} 2mt*\/OIT+ 165 dt = [} 2t5/9 + 164 dt.

(5] (8- (- 3) ()

8 4 1)\?
_ 2 _
=4+ 3 _4(t t2>

4
9 dzx
S =/ 27 (—)
A TAT
o 1
:%/1 (8\/2)2 (t+t—2> dt
= 32m [} (/2 4+ 7%/2) dt = 32w [ 247/ — o012

=32m {[2(243) - 2(3)] - [2 () —2(1)]}

_ 47104
=1 T

9

1

34. z =e'cost,y =e'sint, 0 <t < 3.
dz\? dy 2 . 2
(E) + (E) = [e" (cost —sint)]
+ [ef (cost—&—sint)}2

=2 (2 cos? ¢ + 2sin? t) = 262t, SO

/2 dr
= 2 —
s= [y (%)

= [7/2 omet sinty/2e! dt £ 2v/2m [T/% € sint dt

/2

2
[2\/§7r% (2sint — cos t)}
0

= 287 [2e" — (—1)] = 222 (26" — 1)
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2 2
s (%) + (%)
= (—2sin + 25sin 20)° + (2 cosf — 2 cos 20)°
=4 [(sin2 6 — 2sin 0 sin 20 + sin® 20)
+—Qx$20——ZCOSHCOSQG—%COSZZOH
=4[14+1—2(cos26cos @ + sin 20 sin 9)]
= 8[1 — cos (260 — 0)] =8 (1 — cosH)
Note that z (27 — 0) =z (0) and y (27 — 6) = —y (), so
the piece of the curve from 8 = 0 to § = 7 generates the
same surface as the piece from 8 = 7 to § = 27. Note also
that y = 2sin6 — sin 260 = 2sin 6 (1 — cos h). So
S = [y 2m-2sin6 (1 — cosh) 2v/24/1 — cos 6 df
=8v2r [T (1 — cos0)*/*sin 6 do
= 8\/577[02 Vud du (u =1 — cos, du = sin 0 db)
= [svan (37,

1287
5



