
1–2 ■ Find .

1. , 2. ,

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

3–6 ■ Find an equation of the tangent to the curve at the point cor-
responding to the given value of the parameter.

3. , ;

4. , ;

5. , ;

6. , ;

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

7–10 ■ Find an equation of the tangent to the curve at the given
point by two methods: (a) without eliminating the parameter and
(b) by first eliminating the parameter.

7. , ;

8. , ;

9. , ;

10. , ;

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

11–18 ■ Find and .

11. ,

12. ,

13. ,

14. ,

15. ,

16. ,

17. ,

18. ,

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

; 19. Estimate the area of the region enclosed by each loop of the
curve 

y � 1 � sin t cos tx � sin t � 2 cos t

y � t ln tx � 1 � t 2

y � te 2 tx � e�t

y � cos 2tx � 1 � tan t

y � cos � tx � sin � t

y � 1 � t 2x � t 3 � t 2 � 1

y � t � t 2x � t 4 � 1

y � sin 2tx � t � 2 cos t

y � t 2 � 1x � t 2 � t

d 2 y�dx 2dy�dx

�1, 1�y � t 2x � t 3

�1, 1�y � 1 � t 2x � 1 � t

�3, 4�y � 5 sin tx � 5 cos t

�5, 3�y � t 2 � 2tx � 2t � 3

� � ��4y � 3 cos �x � 2 sin �

t � 4y � stx � t 2 � t

t � �y � t cos tx � t sin t

t � 0y � t 2 � tx � t 2 � t

y � sin2tx � t ln ty � t 3 � tx � st � t

dy�dx 20–23 ■ Set up, but do not evaluate, an integral that represents the
length of the curve.

20. , ,

21. , ,

22. , ,

23. , ,

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

24–29 ■ Find the length of the curve.

24. , ,

25. , ,

26. , ,

27. , ,

28. , ,

29. , ,

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

30. Graph the curve

Then use a CAS or a table of integrals to find the exact length
of the curve.

31. Use Simpson’s Rule with to estimate the length of the
curve , , .

32. Set up, but do not evaluate, an integral that represents the area
of the surface obtained by rotating the curve , ,

about the x-axis.

33–35 ■ Find the area of the surface obtained by rotating the given
curve about the -axis.

33. , ,

34. , ,

35. ,

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

y � 2 sin � � sin 2�x � 2 cos � � cos 2�

0 � t � ��2y � e t sin tx � e t cos t

1 � t � 9y � 8stx � t 2 � 2�t

x

0 � t � 1
y � t 4x � t 3

1 � t � 2y � e�tx � ln t
n � 10

�� � t � �y � t sin t � cos tx � t cos t � sin t

CAS

0 � t � �y � e t sin tx � e t cos t

0 � t � 2y � 4 � 3t 2x � 5t 2 � 1

0 � t � 1y � 3 � 2 cos � tx � 1 � 2 sin � t

0 � � � ��2y � cos 2�x � 2 � 3 sin2�

0 � t � 2y � 3t 2x � 3t � t 3

0 � t � 4y � t 2x � t 3

�1 � t � 1y � te 2tx � e�t

0 � t � ��2y � t cos tx � t sin t

0 � t � 2y � 1 � 4tx � t 2

0 � t � 1y � t 4x � t 3
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2 ■ SECTION 9.2 CALCULUS WITH PARAMETRIC CURVES

C l i c k  h e r e  f o r  s o l u t i o n s .SC l i c k  h e r e  f o r  e x e r c i s e s .E

ANSWERS9.2

1.

(
3t2 − 1

) (
2
√
t
)

1− 2
√
t

2.
2 sin t cos t

1 + ln t

3. y = −x

4. y = 1

π
x− π

5. y = 1

36
x+ 13

9

6. y = − 3

2
x+ 3

√
2

7. y = 2x− 7

8. − 3

4
x+ 25

4

9. y = 1

10. y = 2

3
x+ 1

3

11. 1− 1

2t+ 1
,

2

(2t+ 1)3

12.
2 cos 2t

1− 2 sin t
,
4 (cos t− sin 2t+ sin t sin 2t)

(1− 2 sin t)3

13.
1

4
t−3 − 1

2
t−2,

−3 + 4t

16t7

14. − 2

3t+ 2
,

6

t (3t+ 2)3

15. − tanπt, − sec3 πt

16. −4 sin t cos3 t, 4 cos4 t
(
3 sin2 t− cos2 t

)
17. − (2t+ 1) e3t, (6t+ 5) e4t

18.
1 + ln t

2t
, − ln t

4t3

19.
2
√
5

5

20.
∫

1

0
t2
√
9 + 16t2 dt

21. 2
∫

2

0

√
t2 + 4 dt

22.
∫ π/2

0

√
1 + t2 dt

23.
∫

1

−1

√
e−2t + e4t (1 + 2t)2 dt

24.
8

27

(
373/2 − 1

)
25. 14

26.

√
13

27. 2π

28. 4
√
34

29.

√
2 (eπ − 1)

30.

π
√
π2 + 4 + 4 ln

(
π +

√
π2 + 4

)− 4 ln 2

31. 0.7314

32.
∫

1

0
2πt6

√
9 + 16t2 dt

33.
47,104

15
π

34.
2
√
2π
5

(2eπ − 1)

35.
128π
5
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SECTION 9.2 CALCULUS WITH PARAMETRIC CURVES ■ 3

C l i c k  h e r e  f o r  e x e r c i s e s .E

SOLUTIONS9.2

1. x =
√
t− t, y = t3 − t ⇒ dy

dt
= 3t2 − 1,

dx

dt
=

1

2
√
t
− 1, and

dy

dx
=

dy/dt

dx/dt
=

3t2 − 1

1/
(
2
√
t
)− 1

=

(
3t2 − 1

) (
2
√
t
)

1− 2
√
t

2. x = t ln t, y = sin2 t ⇒ dy

dt
= 2 sin t cos t,

dx

dt
= t

(
1

t

)
+ (ln t) · 1 = 1 + ln t, and

dy

dx
=

dy/dt

dx/dt
=

2 sin t cos t

1 + ln t

3. x = t2 + t, y = t2 − t; t = 0.
dy

dt
= 2t− 1,

dx

dt
= 2t+ 1,

so
dy

dx
=

dy/dt

dx/dt
=

2t− 1

2t+ 1
. When t = 0, x = y = 0

and
dy

dx
= −1. An equation of the tangent is

y − 0 = (−1) (x− 0) or y = −x.

4. x = t sin t, y = t cos t; t = π.
dy

dt
= cos t− t sin t,

dx

dt
= sin t+ t cos t, and

dy

dx
=

dy/dt

dx/dt
=

cos t− t sin t

sin t+ t cos t
.

When t = π, (x, y) = (0,−π) and
dy

dx
=

−1

−π
=

1

π
, so an

equation of the tangent is y + π = 1

π
(x− 0) or

y = 1

π
x− π.

5. x = t2 + t, y =
√
t; t = 4.

dy

dt
=

1

2
√
t
,
dx

dt
= 2t+ 1, so

dy

dx
=

dy/dt

dx/dt
=

1

2
√
t (2t+ 1)

. When t = 4,

(x, y) = (20, 2) and
dy

dx
=

1

36
, so an equation of the tangent

is y − 2 = 1

36
(x− 20) or y = 1

36
x+ 13

9
.

6. x = 2 sin θ, y = 3 cos θ; θ = π
4
.
dx

dθ
= 2cos θ,

dy

dθ
= −3 sin θ,

dy

dx
=

dy/dθ

dx/dθ
= − 3

2
tan θ. When θ = π

4
,

(x, y) =
(√

2, 3
√
2

2

)
, and dy/dx = − 3

2
, so an equation of

the tangent is y − 3
√
2

2
= − 3

2

(
x−√

2
)
or

y = − 3

2
x+ 3

√
2.

7. (a) x = 2t+ 3, y = t2 + 2t; (5, 3).
dy

dt
= 2t+ 2,

dx

dt
= 2,

and
dy

dx
=

dy/dt

dx/dt
= t+ 1. At (5, 3), t = 1 and

dy

dx
= 2,

so the tangent is y − 3 = 2 (x− 5) or y = 2x− 7.

(b) y = t2 + 2t =

(
x− 3

2

)2

+ 2

(
x− 3

2

)

=
(x− 3)2

4
+ x− 3

so
dy

dx
=

x− 3

2
+ 1. When x = 5,

dy

dx
= 2, so an

equation of the tangent is y = 2x− 7, as before.

8. (a) x = 5 cos t, y = 5 sin t; (3, 4).
dy

dt
= 5cos t,

dx

dt
= −5 sin t,

dy

dx
=

dy/dt

dx/dt
= − cot t. At (3, 4),

t = tan−1 y

x
= tan−1 4

3
, so

dy

dx
= −3

4
, and an equation

of the tangent is y − 4 = − 3

4
(x− 3) or y = − 3

4
x+ 25

4
.

(b) x2 + y2 = 25, so 2x+ 2y
dy

dx
= 0, or

dy

dx
= −x

y
. At

(3, 4),
dy

dx
= −3

4
, and as in part (a), an equation of the

tangent is y = − 3

4
x+ 25

4
.

9. (a) x = 1− t, y = 1− t2; (1, 1).
dy

dt
= −2t,

dx

dt
= −1,

dy

dx
=

dy/dt

dx/dt
= 2t. At (1, 1), t = 0, so

dy

dx
= 0, and the

tangent is y − 1 = 0 (x− 1) or y = 1.

(b) y = 1− t2 = 1 − (
1− x2

)
= 2x− x2, so

[dy/dx]x=1
= [2− 2x]x−1

= 0, and as in part (a), the

tangent is y = 1.

10. (a) x = t3, y = t2; (1, 1).
dy

dt
= 2t,

dx

dt
= 3t2, and

dy

dx
=

dy/dt

dx/dt
=

2t

3t2
=

2

3t
(for t �= 0). At (1, 1), we

have t = 1 and dy/dx = 2

3
, so an equation of the tangent

is y − 1 = 2

3
(x− 1) or y = 2

3
x+ 1

3
.

(b) y = x2/3, so dy/dx = 2

3
x−1/3. When x = 1,

dy/dx = 2

3
, so the tangent is y = 2

3
x+ 1

3
as before.

11. x = t2 + t, y = t2 + 1.

dy

dx
=

dy/dt

dx/dt
=

2t

2t+ 1
= 1 − 1

2t+ 1
;

d

dt

(
dy

dx

)
=

2

(2t+ 1)2
;

d2y

dx2
=

d

dx

(
dy

dx

)
=

d (dy/dx) /dt

dx/dt
=

2

(2t+ 1)3
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4 ■ SECTION 9.2 CALCULUS WITH PARAMETRIC CURVES

12. x = t+ 2 cos t, y = sin 2t.
dy

dx
=

dy/dt

dx/dt
=

2 cos 2t

1− 2 sin t
;

d

dt

(
dy

dx

)
=

(1− 2 sin t) (−4 sin 2t)− 2 cos 2t (−2 cos t)

(1− 2 sin t)2

=
4 (cos t− sin 2t+ sin t sin 2t)

(1− 2 sin t)2
;

d2y

dx2
=

d (dy/dx) /dt

dx/dt
=

4 (cos t− sin 2t+ sin t sin 2t)

(1− 2 sin t)3

13. x = t4 − 1, y = t− t2 ⇒ dy

dt
= 1− 2t,

dx

dt
= 4t3,

dy

dx
=

dy/dt

dx/dt
=

1− 2t

4t3
= 1

4
t−3 − 1

2
t−2;

d

dt

(
dy

dx

)
= − 3

4
t−4 + t−3,

d2y

dx2
=

d (dy/dx) /dt

dx/dt
=

− 3

4
t−4 + t−3

4t3
· 4t

4

4t4
=

−3 + 4t

16t7
.

14. x = t3 + t2 + 1, y = 1 − t2.
dy

dt
= −2t,

dx

dt
= 3t2 + 2t;

dy

dx
=

dy/dt

dx/dt
=

−2t

3t2 + 2t
= − 2

3t+ 2
;

d

dt

(
dy

dx

)
=

6

(3t+ 2)2
;

d2y

dx2
=

d (dy/dx) /dt

dx/dt
=

6

t (3t+ 2)3
.

15. x = sinπt, y = cosπt.

dy

dx
=

dy/dt

dx/dt
=

−π sinπt

π cosπt
= − tanπt;

d2y

dx2
=

d

dx

(
dy

dx

)
=

d (dy/dx) /dt

dx/dt
=

−π sec2 πt

π cosπt

= − sec3 πt.

16. x = 1 + tan t, y = cos 2t ⇒ dy

dt
= −2 sin 2t,

dx

dt
= sec2 t,

dy

dx
=

dy/dt

dx/dt
=

−2 sin 2t

sec2 t
= −4 sin t cos t · cos2 t

= −4 sin t cos3 t;

d

dt

(
dy

dx

)
= −4 sin t

(
3 cos2 t

)
(− sin t)− 4 cos4 t

= 12 sin2 t cos2 t− 4 cos4 t,

d2y

dx2
=

d (dy/dx) /dt

dx/dt
=

4 cos2 t
(
3 sin2 t− cos2 t

)
sec2 t

= 4 cos4 t
(
3 sin2 t− cos2 t

)
.

17. x = e−t, y = te2t.

dy

dx
=

dy/dt

dx/dt
=

(2t+ 1) e2t

−e−t
= − (2t+ 1) e3t;

d

dt

(
dy

dx

)
= −3 (2t+ 1) e3t − 2e3t = − (6t+ 5) e3t;

d2y

dx2
=

d

dx

(
dy

dx

)
=

d (dy/dx) /dt

dx/dt
=

− (6t+ 5) e3t

−e−t

= (6t+ 5) e4t.

18. x = 1 + t2, y = t ln t.
dy

dx
=

dy/dt

dx/dt
=

1 + ln t

2t
;

d

dt

(
dy

dx

)
=

2t (1/t)− (1 + ln t) 2

(2t)2
= − ln t

2t2
;

d2y

dx2
=

d (dy/dx) /dt

dx/dt
= − ln t

4t3
.

19.

The graph of x = sin t− 2 cos t, y = 1 + sin t cos t is

symmetric about the y-axis. The graph intersects the y-axis

when x = 0 ⇒ sin t− 2 cos t = 0 ⇒ sin t = 2 cos t

⇒ tan t = 2 ⇒ t = tan−1 2 + nπ. The left loop is

traced in a clockwise direction from t = tan−1 2− π to

t = tan−1 2, so the area of the loop is given (as in

Example 4) by

A =
∫

tan
−1

2

tan−1 2−π
y dx

≈ ∫
1.1071

−2.0344
(1 + sin t cos t) (cos t+ 2 sin t) dt

≈ 0.8944

This integral can be evaluated exactly; its value is 2

5

√
5.

20. L =
∫

1

0

√
(dx/dt)2 + (dy/dt)2dt

and dx/dt = 3t2, dy/dt = 4t3 ⇒
L =

∫
1

0

√
9t4 + 16t6dt =

∫
1

0
t2
√
9 + 16t2 dt

21. L =
∫

2

0

√
(dx/dt)2 + (dy/dt)2 dt and dx/dt = 2t,

dy/dt = 4, so L =
∫

2

0

√
4t2 + 16dt = 2

∫
2

0

√
t2 + 4 dt.

22.
dx

dt
= sin t+ t cos t and

dy

dt
= cos t− t sin t ⇒

L =
∫ π/2

0

√
(sin t+ t cos t)2 + (cos t− t sin t)2dt

=
∫ π/2

0

√
1 + t2 dt

23. dx/dt = −e−t and dy/dt = e2t + 2te2t = e2t (1 + 2t), so

L =
∫

1

−1

√
e−2t + e4t (1 + 2t)2 dt.

24. x = t3, y = t2, 0 ≤ t ≤ 4.

(dx/dt)2 + (dy/dt)2 =
(
3t2

)2
+ (2t)2 = 9t4 + 4t2.

L =
∫

4

0

√
(dx/dt)2 + (dy/dt)2 dt

=
∫

4

0

√
9t4 + 4t2 dt =

∫
4

0
t
√
9t2 + 4 dt

= 1

18

∫
148

4

√
u du (where u = 9t2 + 4)

= 1

18

(
2

3

) [
u3/2

]148
4

= 1

27

(
1483/2 − 43/2

)
= 8

27

(
373/2 − 1

)
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SECTION 9.2 CALCULUS WITH PARAMETRIC CURVES ■ 5

25. x = 3t− t3, y = 3t2, 0 ≤ t ≤ 2.(
dx

dt

)
2

+

(
dy

dt

)
2

=
(
3− 3t2

)2
+ (6t)2

= 9
(
1 + 2t2 + t4

)
=

[
3
(
1 + t2

)]2
L =

∫
2

0
3
(
1 + t2

)
dt =

[
3t+ t3

]2
0
= 14

26. x = 2− 3 sin2 θ, y = cos 2θ, 0 ≤ θ ≤ π
2
.

(dx/dθ)2 + (dy/dθ)2 = (−6 sin θ cos θ)2 + (−2 sin 2θ)2

= (−3 sin 2θ)2 + (−2 sin 2θ)2

= 13 sin2 2θ

⇒
L =

∫ π/2

0

√
13 sin 2θdθ =

[
−

√
13

2
cos 2θ

]π/2

0

= −
√
13

2
(−1− 1) =

√
13

27. x = 1 + 2 sinπt, y = 3− 2 cosπt, 0 ≤ t ≤ 1.(
dx

dt

)2

+

(
dy

dt

)2

= (2π cosπt)2 + (2π sinπt)2 = 4π2

⇒ L =
∫

1

0

√
(dx/dt)2 + (dy/dt2) dt =

∫
1

0
2π dt = 2π

28. x = 5t2 + 1, y = 4 − 3t2, 0 ≤ t ≤ 2.(
dx

dt

)2

+

(
dy

dt

)2

= (10t)2 + (−6t)2 = 136t2 ⇒

L =
∫

2

0

√
136t2 dt =

∫
2

0

√
136 t dt

=
[
1

2
· 2√34 t2

]2
0
= 4

√
34

29. x = et cos t, y = et sin t, 0 ≤ t ≤ π.(
dx

dt

)2

+

(
dy

dt

)2

=
[
et (cos t− sin t)

]2
+

[
et (cos t+ sin t)

]2
= e2t

(
2 cos2 t+ 2 sin2 t

)
= 2e2t

⇒ L =
∫ π

0

√
2 et dt =

√
2 (eπ − 1)

30. x = t cos t+ sin t, y = t sin t− cos t, −π ≤ t ≤ π.

dx/dt = −t sin t+ 2 cos t and dy/dt = t cos t+ 2 sin t, so

(dx/dt)2 + (dy/dt)2 = t2 sin2 t− 4t sin t cos t+

4 cos2 t+ t2 cos2 t+ 4t sin t cos t+ 4 sin2 t = t2 + 4 and

L =
∫ π

−π

√
t2 + 4 dt = 2

∫ π

0

√
t2 + 4 dt

21
= 2

[
1

2
t
√
t2 + 4 + 2 ln

(
t+

√
t2 + 4

)]π
0

= 2
[
π
2

√
π2 + 4 + 2 ln

(
π +

√
π2 + 4

)− 2 ln 2
]

= π
√
π2 + 4 + 4 ln

(
π +

√
π2 + 4

)− 4 ln 2

≈ 16.633506

31. x = ln t and y = e−t ⇒ dx

dt
=

1

t
and

dy

dt
= −e−t ⇒

L =
∫

2

1

√
t−2 + e−2t dt. Using Simpson’s Rule with

n = 10,∆x = (2− 1) /10 = 0.1 and f (t) =
√
t−2 + e−2t

we get L ≈ 0.1
3

[f (1.0) + 4f (1.1) + 2f (1.2)+

· · ·+ 2f (1.8) + 4f (1.9) + f (2.0)] ≈ 0.7314

32. x = t3 and y = t4 ⇒ dx/dt = 3t2 and dy/dt = 4t3.

So S =
∫

1

0
2πt4

√
9t4 + 16t6 dt =

∫
1

0
2πt6

√
9 + 16t2 dt.

33.

(
dx

dt

)2

+

(
dy

dt

)2

=

(
2t− 2

t2

)2

+

(
4√
t

)2

= 4t2 +
8

t
+

4

t4
= 4

(
t+

1

t2

)2

S =

∫
9

1

2πy

√(
dx

dt

)2

+

(
dy

dt

)2

dt

= 2π

∫
9

1

(
8
√
t
)
2

(
t+

1

t2

)
dt

= 32π
∫

9

1

(
t3/2 + t−3/2

)
dt = 32π

[
2

5
t5/2 − 2t−1/2

]9
1

= 32π
{[

2

5
(243)− 2

(
1

3

)]− [
2

5
(1)− 2 (1)

]}
= 47,104

15
π

34. x = et cos t, y = et sin t, 0 ≤ t ≤ π
2
.(

dx

dt

)2

+

(
dy

dt

)2

=
[
et (cos t− sin t)

]2
+

[
et (cos t+ sin t)

]2
= e2t

(
2 cos2 t+ 2 sin2 t

)
= 2e2t, so

S =

∫ π/2

0

2πy

√(
dx

dt

)2

+

(
dy

dt

)2

dt

=
∫ π/2

0
2πet sin t

√
2et dt

98
= 2

√
2π

∫ π/2

0
e2t sin t dt

=

[
2
√
2π

e2t

5
(2 sin t− cos t)

]π/2

0

= 2
√
2

5
π [2eπ − (−1)] = 2

√
2π
5

(2eπ − 1)
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6 ■ SECTION 9.2 CALCULUS WITH PARAMETRIC CURVES

35.

(
dx

dθ

)2

+

(
dy

dθ

)2

= (−2 sin θ + 2 sin 2θ)2 + (2 cos θ − 2 cos 2θ)2

= 4
[(
sin2 θ − 2 sin θ sin 2θ + sin2 2θ

)
+

(
cos2 θ − 2 cos θ cos 2θ + cos2 2θ

)]
= 4 [1 + 1− 2 (cos 2θ cos θ + sin 2θ sin θ)]

= 8 [1− cos (2θ − θ)] = 8 (1− cos θ)

Note that x (2π − θ) = x (θ) and y (2π − θ) = −y (θ), so

the piece of the curve from θ = 0 to θ = π generates the

same surface as the piece from θ = π to θ = 2π. Note also

that y = 2 sin θ − sin 2θ = 2 sin θ (1− cos θ). So

S =
∫ π

0
2π · 2 sin θ (1− cos θ) 2

√
2
√
1− cos θ dθ

= 8
√
2π

∫ π

0
(1− cos θ)3/2 sin θ dθ

= 8
√
2π

∫
2

0

√
u3 du (u = 1− cos θ, du = sin θ dθ)

=
[
8
√
2π

(
2

5
u5/2

)]2
0

=
128π

5
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