Copyright © 2013, Cengage Learning. All rights reserved.

13.4 | GREEN’S THEOREM

SECTION 13.4 GREEN'STHEOREM =

B Click here for answers.

1-4 = Evaluate the line integral by two methods: (a) directly and
(b) using Green’s Theorem.

l. gSszy dx + xy*dy,
C is the square with vertices (0, 0), (1, 0), (1, 1), and (0, 1)
2. Eﬁcx dx — x*y* dy,
C is the triangle with vertices (0, 0), (1, 1), and (0, 1)
3. gSC (x + 2y) dx + (x — 2y) dy,
C consists of the arc of the parabola y = x? from (0, 0)
to (1, 1) followed by the line segment from (1, 1) to (0, 0)
4. §.(x* + y*)dx + 2xy dy,
C consists of the arc of the parabola y = x?* from (0, 0) to
(2, 4) and the line segments from (2, 4) to (0, 4) and from
(0,4) w0 (0, 0)

5-16 = Use Green’s Theorem to evaluate the line integral along the
given positively oriented curve.

5. [.xydx +ydy,
C is the triangle with vertices (0, 0), (2, 0), and (2, 1)

6. fcxzy dx + xy> dy,
C is the square with vertices (=1, *=1)

7. [.x*dx + y*dy, Cisthecurve x® +y®=1
8. [.x’ydx —3y’dy, Cisthecirclex® + y’> =1
9. [.2xydx + x*dy, Cis the cardioid r = 1 + cos 6

10. J‘C (xy + e"z) dx + (x> — In(1 + y)) dy,

C consists of the line segment from (0, 0) to (77, 0) and the
curve y =sinx,0 S x < 7

B Click here for solutions.
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. (y* = tan"'x) dx + (3x + siny) dy,

C is the boundary of the region enclosed by the parabola
y = x* and the line y = 4

. [oxydx + 2x7dy,

C consists of the line segment from (—2, 0) to (2, 0) and the
top half of the circle x* + y* = 4

(x* = yHdx + (x> + y¥)dy,

C is the boundary of the region between the circles
x*+y’=1landx*+y*=9

F - dr, where F(x,y) = (y* — x?y) i + xy*j and

C consists of the circle x> + y? = 4 from (2, 0) to (ﬁ, ﬁ)
and the line segments from (ﬁ, V2 ) to (0, 0) and from (0, 0)
to (2,0)

F - dr, where F(x,y) = y%i + xy’ j and

C is the ellipse 4x* + y> = 1

F - dr, where F(x,y) = x’yi + x*j and

Cis the curve x* + y* =1

17-18 = Find the area of the given region using one of the for-
mulas in Equations 5.

17.

18.

The region bounded by the hypocycloid with vector equation
r(t) = cos’ti + sin’tj, 0 < r< 2w

The region bounded by the curve with vector equation
r(f) = costi+sin’tj, 0 < <27
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13.4 | ANSWERS

A Click here for exercises.
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B Click here for solutions.
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13.4 | SOLUTIONS

SECTION 13.4 GREEN'STHEOREM = 3

A Click here for exercises.

1. (a) y
C
©, 1) : 1,1
C, C,
o ¢ @O ~

$o’yde+ay’dy = fo o, oppe, Ty AT+ oy’ dy
:fol0da:—|—folygdy—&—flOJ:de—i—flOOdy

11 _ _ 1

B 3 12

1

2. (a) Y
O, 1) =2 (1. 1)
C, C:x=x,y=x
0=x=1
0 X
2 2 2 2
$oxdr —x°y dyzfcﬁ_cﬁcsxdxfx 2 dy
:fol (z —a*) dx+f10xdx+f100dy
-1 _1_1_ 1
=275 3 5
1,01
(b) §dem—x2y2 dy = fof (—2xy2 —0) dy dz
12/ 4 2( 3\ _ 1
03 (@ —a)de=3(-1) =—3
3. (a) y v=xy=x
\ 1,
= Cp: x=x,y=x%
O=x=1
0 X

$o (& +2y) dz + (z — 2y) dy
= $e 10, (@+2y)de+ (z —2y)dy
= fol [z + 22° + (z — 22%) (22)] da
+J7 B+ (—o) do
= fol (z +42* — 42°) derflO 2x dx
=(G+s-1-1=-3

(®) § (= +2y) dz + (x — 2y) dy—fof (1-2)dydx

i )=t -3 =1

4. (a ytoC
@ 0Ht—=<— 024
D
C, C: x:x,y:xz,
0=x=2
0 X

b (2% 4+ y°) da + 2zy dy
= fcl+cz+c3 (2® + %) do + 2zy dy
= f02 (2 +2*) + (22°) (22)] da
+ f20 (x2 + 16) dx + f400dy
=£+32-5-32=0

(b) 3§C (x2 + y2) dz + 2zy dy

- L[ ]

= [f, 2y —2y)dA= [[,(0)dA=0

5. $o zyde +y° dy—fo 1/2 (0—x)dydx
- (A=

6‘ fil f,ll (y5 - 1’2) dydac = fil (—%) dw = —%

1. [[,(0-0)dA=0

8 ffm2+y2<1 (0—2%)dA = 0 o L3 cos® O dr do
- ()=

9. [[, 2z —2x)dA=0

10. ffD (2z —x)dA = fo smra:dydx:fowxsinwdm

=[—zcosz +sinz|y =7

1. //{ 3x+s1ny)—§y(y —tan~! z)| dA

= ffz ;2 (3 —2y) dy dx
= fEQ (—4 — 322 +x4) dr = —%

12. The region D enclosed by C'is given by
{(m,y) | 2<2<2—vV4i—-22<y< \/4—x2} or, in

polar coordinates, {(r,0) | 0 < 8 < 7,0 < r < 2}. Thus,

/nydx+2x2 dy = // [% (2m2) — 82 (zy)| dA

= [[, 4z —2)dA =[] fo (3rcos @) rdrd
=3[y cosGd@fO r?dr = 3[sin6]; [3r° ]i
=3(0) (%) =0
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8. o (2 —y%) do + (2° + %) dy

://1§zz+y239 {% (:c3+y3) - % (3:3 —y3) dA
= [ficur 2 <o (327 +3y%) dA
=3[ [Pr¥drdd=6r (8 — 1) =120m
14. The region D enclosed by C' is given, in polar coordinates,
by {(r,0) |0 <0 < 5,0 <r <2} Thus
JoF-dr = [, (y* — 2%y) do + zy’ dy
= [/, (¥* =2y +2*)dA
= [T/* )2 (r? — 2rsing) rdrdo
= [T/ [4 — s1n0] do
= [46 + L cos] 7/ =7+ & (V2 - 2)

0

15 [ F-dr = [, °do+ay°dy

// [390 o) gy( )] a4
szD—E)y dA =0

because —5y° is an odd function of y and D is symmetric

with respect to the y-axis.

6. [ F-dr = [, 2%yde+a*dy

= ff0§z4+y4§1 (43:3 - $3) dA
4
= f_V41_i’44 32% dx dy

— [ et Ve e =0
17. A= § xdy = Ozﬂ (cos®t) (3sin’tcost) dt

:3f2ﬂ

=3 [ (smtcos t)

(cos*tsint) dt

27
+ % [i (SintCOSB t) + % (costsint) + %t]]o
Or:
3 27 (cos* tsin t) dt

= 3f 1 [3 (1 — cos4t) + sin® 2t cos 2t] dt = 2m

8. A= ady= [ (

=3 /271 (1 - cosdt)dt =3

(cost) (3sin’t cost) dt



