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SECTION 11.6 DIRECTIONAL DERIVATIVES AND THE GRADIENTVECTOR = |

11.6 | DIRECTIONAL DERIVATIVES AND THE GRADIENT VECTOR

B Click here for answers.

1-5 = Find the directional derivative of f at the given point in the
direction indicated by the angle 6.

I f(x,y) =x%y* + 2x%, (1,-2), 0==/3
2. f(x,y) =sin(x + 2y), (4,—=2), 0=3xw/4
3. flx,y) =xe?, (50), 6=m/2

4. flxy) ==y’ (.1, 6=3n/4

5. flx,y) =y (1,2), 6=m/2

6-9 =
(a) Find the gradient of f.
(b) Evaluate the gradient at the point P.
(c) Find the rate of change of f at P in the direction of the
vector u.
<,

6. f(x,y) =x°—4x’y +y% PO, —1), u

Uil
[IES
~

-1 2
7. f(x,y) =e'siny, P(l,7/4), u= <5’ﬁ>
8. f(x,y,z) =xy*2°, P(1,-2,1), u= L
o4 ) 9 £l E) £ 9 3 E) \/3’ \/g
9. f(x,v,z) =xy + yz* + xz°, P(2,0,3),
2 1 2
u= <7§7 3 §>

10-17 = Find the directional derivative of the function at the given
point in the direction of the vector v.

10. f(x,y) =x/y, (6,=2), v=(-13)
1. f(x,y)=+vx—y, (5,1, v={(12,5)
12. g(x,y) = xe®, (=3,0), v=2i+ 3j

13. g(x,y) = e*cosy, (1,7/6), v=1i—j

B Click here for solutions.

14, f(x,y,2) = Vxyz, (2,4,2), v= (42 —4)

15. g(x,y,2) = xe”* + xye’, (=2,1,1), v=1i—2j+ 3k
16. g(x,y,z) = xtan"'(y/z), (1,2,-2), v=i+j—Kk
17. g(x,v,2) =22 — x%y, (1,6,2), v=23i+4j+ 12k

18-23 = Find the maximum rate of change of f at the given point
and the direction in which it occurs.

18. f(x,y) = Vx> + 2y, (4,10)

19. f(x,y) = cos(3x + 2y), (m/6, —m/8)
20. f(x,y) =xe ¥ + 3y, (1,0)

2. f(x,y) = In(x* + y?), (1,2)

22. f(x,y,2) =x+y/z, (4,3, —1)

3. fny,) ==+ @421
y z

24-30 = Find equations of (a) the tangent plane and (b) the normal
line to the given surface at the specified point.

24. xy +yz+zx=3, (1,1,1)

25. xyz =6, (1,2,3)

26. x2 +y?— 22— 2xy +4xz=4, (1,0,1)
27. X2 —2y? =322+ xyz =4, (3,-2,—1)
28. xe* =1, (1,0,5)

29. 4% + 2+ 22 =24, (2,2,2)

30, x2— 22+ 22=3, (—-1,1,-2)
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11.6 | ANSWERS

I3 Click here for exercises.

. 7TV3—16 2.

S~

. —10 4. —672v/2
.1
. (a) (33&2 - 8xy) i+ (2y - 4x2)j

(b) —2j © -3

. (@) e"sinyi+ e’ cosyj

) Re(i+)) (0 Hse

. (a) <y223, 2ay2°, 3xy222>
(b) (4,—4,12) ©
. (a) <y + 23,0422, 2yz + 3acz2>
(b) (27,11,54) (c) 2
—2/1 n. L
2 13. Lgde
—4—% 17.8

B Click here for solutions.

20. /5, (1,2) 2. 25 (1,2)
22. V11, (1,-1,-3) 23. Y27 (1,0, —4)
U Ar+y+z=3

bz=y==z2

25. (a) 6z 4+ 3y + 2z =18
b g-1)=3@H-2=35(-3)
2. ()3z—y+z2=4

It =—y=2-1
27. (a) 8z + 5y = 14
r—3 y+2
A
() = = L=

2. ()x+5y=1

(b)x—lz%,zzS
2. @dzx+y+z=12
r—2
(b)
3. @z +2y+22+3=0
1 z+2

_y-1_
byz+1=25 >

=y—2=2z—-2
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11.6 | SOLUTIONS

A Click here for exercises.

L f(zy) =2y’ + 2"y = fo(z,y) =22y° +82%y
and f, (z,y) = 32°y® + 22*. If u is a unit vector in the
direction of ¢ = %, then from Equation 6,

Duf (1-2) = fu (1, ~2) cos T + f, (1, 2) sin &
=(-32)(3) + (14)( )—7\/3—16

2 f(z,y)=sin(z+2y) = fo(z,y)=cos(z+ 2y)and
fy (z,y) = 2cos (z + 2y). If u is a unit vector in the
direction of 6 = 3—” , then from Equation 6,

Duf(4,-2) = fz (4,—2) cos 2= + f, (4, —2)sin 2&

= (cos0) (—%) + 2 (cos0) (%) = @

3 f(x,y) =we™® = fo(z,y) =e *¥and
fy (z,y) = —2xe™2Y. If u is a unit vector in the direction of
0 = 7, then
Duf (5,0) = fz (5,0) cos 5 + fy (5,0) sin &
=1-0+4(-10)1=-10

4 f(zy) = (" —y)® = Duf(z,y) =
3(2® - y)2 (2z) cos 2% + 3 (2* — y) (—1)sin 2L, Thus
Duf (3,1) =3(8)° (6) (—£)-3(3) (&) = —672v2.
5. f(wy) =y" =
Duf (z,y) = (y"Iny)cos T + (zy* ') sin 5 = zy
Thus Dy f (1,2) = (1) (2)' " = 1.
6 f(z,y) =2° —da’y +y
@) Vf(z,y) = foi+ fyj= (32 — 8zy) i+ (2y —42%)
(b) Vf(0,-1) = -2j
© Vf(0,~-1)-u=-%
1. f(z,y) = e®siny
@) Vf (2,9) = fai+ fyj = " sinyi+ e cosyj
(b) VS (1,5) = Feli+))
©Vf(1,5) u=Le (&)=

8. f(x,y,z2) = xy?s®
@ Vf(z,y,2) = (fo (2,9,2), fy (x,9,2), f= (2,9, 2))
= <y2z3,2xyz3,3xy2z2>
(b) Vf(1,-2,1) = (4,—4,12)
©Vf,-21)u=Z+H+2=2
9 f(x,y,2) =xy+yz? +a°
@ Vi (z,y,2) = (fo (2,9,2), fy (2,9, 2), f= (2,9, 2))
= <y + 22,24+ 22,2yz + 3xz2>
(b) Vf(2,0,3) = (27,11, 54)
(©) V£ (2,0,3)-u=3(-54—11+108) = 2

x—1

&l‘
o
[

. f(x7y) = CL‘/y = Vf (xay) = <1/ya —x/y2>,

VF(6,-2) = (-1,-2), u:<—\/+—0,\/i1—0>and
Duf(6,-2) = T_gf/)ﬁ:_%:_%m'

fwy) =Ve—y =

Vi(ey) = (3@-» L @-y ),
Vf(5,1) = (3,—1), and a unit vector in the
direction of visu = (12, ), so

Duf (5,1)=Vf(5,1)-u=2-5 =71,

g (zy) =ze™ = Vg(z,y) = (" (1+ay),z’"™),

ﬁlw

> and

Vg (=3,0) = (1,9),u = (5, 2

Dug(=3,0) = 25 + o5& = 2.

. g (z,y) = e®cosy =

Vg (z,y) = (e” cosy, —e” siny),
Vg (1, %) = <§e, f%e>, u= %, 7%> and

T\ _ V3 1 _
Dug(17g)—2—\/§€+2—\/§€— 2\/5 e.

S @y, 2) = VEyE =

Vf (:&y,z) = % (wyz)71/2 <yz7xz,wy>,
Vf(2,4,2)=(1,3,1),u= (31 -2)and
Duf(2,4,2):1.§+%.%+1(,§) :%_

. g(x,y,2) = ze’” + xye® =

Vo (2,9,2) = (e +ye*,mze"” + ze*, ay (V" + €7)),

Vg(-2,1,1) = (2e, ~de, —de), u = —= (1,-2,3) and
2 | (—4e)(=2) | (=49)(8) _ —2¢
Dug(=2,11) = T + =0 + a7 = vis

__ _eV14
7

- g(z,y.2) =wtan™' (y/z) = Vg(z,y,2) =

<tan71 (y/z2),xzz/ (y2 +22) —zy/ (y2 + 22)>
Vg(1,2,-2) = (-, —3. —3)u= 7z (1,1,~1) and

_ (=M@ (=D DD s
Dug(1,2,-2) = et St i =

3

Lg(my,2) =22 -2y =

Vg (z,y,2) = <72xy, fx2,322>,
Vg(1,6,2) = (=12, -1,12), u = (&, 5, 13), and

Dug (1,6,2) = (2300 4 (230 | 02 _ g
fxy) = Va2 +2y =

T 1
V x? = )
f =) <\/x2+2y V2 + 2y
maximum rate of change is |V f (4,10)| = @ in the
)or(4,1).

> . Thus the

direction (2, ¢
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19.

20.

21.

22

23.

24,

25.

f(z,y) =cos(Bz +2y) =
Vf(z,y) = (—3sin (3z + 2y), —2sin (3z 4 2y)), so the

maximum rate of change is [V f (5, —%)| = /% in the
direction <f¥, f\/§> or (=3, —2).
fla,y)=2e ™ +3y = Vf(z,y)=(e"3—-ze?),

Vf(1,0) =1
change and the maximum rate is |V £ (1,0)| = v/5.

,2) is the direction of maximum rate of

f(z,y) =In (x2 +y2) =

2z 2y 2 4
Vf(z,y) = <ma m>,Vf(1»2) =(%,%).
Thus the maximum rate of change is |V f (1,2)| =
the direction (2, £) or (1,2).

Fays)=ztylz = Vf<x,y,z>:< ,l,i>,

so the maximum rate of change is |V f (4,3, —1)| = v/11 in
the direction (1, —1, —3).

f(mayaz) =
11 .

Vf(z,y,z2) = <—, - — %, f%>, so the maximum rate
Yy z oy z

of change is |V f (4,2,1)] = @ in the direction (3,0, —2)
or (1,0, —4).

F(z,y,2) =zy+yz+z2z =

VF (z,y,2) = (y+ 2,z +xz,2+y),
VF(1,1,1) = (2,2,2)

(@)2zx+4+2y+2z=6o0rx+y+2=3
br—1l=y—1l=z—lorx=y==2

F(z,y,z) =zyz = VF(z,y,2) = (yz, 2z, zy),
VF(1,2,3)=(6,3,2)

(a) 6z 4+ 3y + 2z =18

O s@E-1)=3@-2=3(-3)

26.

28.

29.

30.

F(z,y,2) = 2> +9° — 2% — 22y + 42z =
VF (z,y,z) = (2x — 2y + 42,2y — 2z, —2z + 4z),
VF (1,0,1) = (6,-2,2)

@6(x—1)—2(y—0)+2(z—1)=0o0r
3r—y+z=4
z—1

(b) 3 = y=z-1

L F(2,y,2) =2 —2y% — 32 +ayz =

VF (z,y,2) = (2x + yz, —4y + zz, —6z + zy),
VF (3,-2,—1) = (8,5,0)

@8(x—3)+5@y+2)+0(z2+1)=0o0r8z+5y =14

z—3 +2
(b) =4=

-1
8 5 %

F(z,y,z) = ze¥* =
VF (z,y,z) = (e¥?, xze¥?, zye¥?),
VF (1,0,5) = (1,5,0)
@1(z—1)+5(y—0)+0(z—5)=00rz+5y=1
(b)x—lz%,zz&')

F(z,y,2) =42° +y*> + 22, VF (2,2,2) = (16,4, 4)

(a) 16z +4y+4z =48 ordx +y+ 2z =12

rT—2 y—2 z—2 x—2
O =5 =71 =1 "1

=y—2=2z—-2

F(z,y,2) =2> - 29> + 2> =
VF(-1,1,-2) = (—2,—4,—4)
(a) 2xr—4y—4z=6o0orz+2y+22+3=0

y—1 =z+42
1= ——=_-
b) z + 3 5



