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STRATEGY FOR INTEGRATION

As we have seen, integration is more challenging than differentiation. In finding the deriv-
ative of a function it is obvious which differentiation formula we should apply. But it may
not be obvious which technique we should use to integrate a given function.

Until now individual techniques have been applied in each section. For instance, we
usually used substitution in Exercises 4.5, integration by parts in Exercises 6.1, and partial
fractions in Exercises 6.3. But in this section we present a collection of miscellaneous inte-
grals in random order and the main challenge is to recognize which technique or formula
to use. No hard and fast rules can be given as to which method applies in a given situation,
but we give some advice on strategy that you may find useful.

A prerequisite for strategy selection is a knowledge of the basic integration formulas.
In the following table we have collected the integrals that we have learned in Chapters 4,
5, and 6. Most of them should be memorized. It is useful to know them all, but the ones
marked with an asterisk need not be memorized since they are easily derived. Formula 19
can be avoided by using partial fractions, and trigonometric substitutions can be used in
place of Formula 20.

Table of Integration Formulas Constants of integration have been omitted.

n+l

7. Jseczxdetanx

9. jsecxtanxdx=secx

11. jsecxdx=ln|secx+tanx|
13. jtanxdx=ln|secx|

15. J sinh x dx = cosh x

R [ ] (e
'jx2+a2 a o\

qe, [ L
'sz—az_Za i

X —da

x+ta

X 1
I.jx dx—n+1 (n# —1) 2.j;dx—ln|x|
] . N _ a®
3.Jedx—e 4.Jadx na
5.jsinxdx=—cosx 6.jcosxdx=sinx

8. Jcsczx dx = —cot x

10. fcscxcotxdx = —cscx

12. jcscxdx=ln|cscx—cotx
14. jcotxdx=ln|sinx|

16. Jcosh X dx = sinh x

lsfd_x=~_1£
Ve—w " 4

dx
*20. Jﬁ=ln|x+ VXt =* (12|

Once you are armed with these basic integration formulas, if you don’t immediately see
how to attack a given integral, you might try the following four-step strategy.

1. Simplity the Integrand if Possible Sometimes the use of algebraic manipulation or
trigonometric identities will simplify the integrand and make the method of integration
obvious. Here are some examples:

j\/}(l +\/)—c)dx=f(\/;c+x)dx
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tan 0 sin 6
——df = ’0de
f sec’6 f cos 0
= f sin 6§ cos 0 dO = %f sin 20 d6

f (sin x + cos x)*dx = f (sin®x + 2 sin x cos x + cos*x) dx

If(l + 2 sin x cos x) dx

2. Look for an Obvious Substitution Try to find some function u = g(x) in the inte-
grand whose differential du = g'(x) dx also occurs, apart from a constant factor.
For instance, in the integral

j—xzx_ 1 dx

we notice that if u = x> — 1, then du = 2x dx. Therefore, we use the substitu-
tion u = x> — 1 instead of the method of partial fractions.

3. Classify the Integrand According to lts Form If Steps 1 and 2 have not led to the

solution, then we take a look at the form of the integrand f(x).

(a) Trigonometric functions. If f(x) is a product of powers of sin x and cos x,
of tan x and sec x, or of cot x and csc x, then we use the substitutions recom-
mended in Section 6.2.

(b) Rational functions. If f is a rational function, we use the procedure involving
partial fractions in Section 6.3.

(c) Integration by parts. If f(x) is a product of a power of x (or a polynomial)
and a transcendental function (such as a trigonometric, exponential, or loga-
rithmic function), then we try integration by parts, choosing u and dv accord-
ing to the advice given in Section 6.1. If you look at the functions in Exer-
cises 6.1, you will see that most of them are the type just described.

(d) Radicals. Particular kinds of substitutions are recommended when certain
radicals appear.

(1) If vV*x? = a? occurs, we use a trigonometric substitution according to the
table in Section 6.2.

(i1) If Jax + b occurs, we use the rationalizing substitution u = /ax + b.
More generally, this sometimes works for ¢/g(x).

4. Try Again If the first three steps have not produced the answer, remember that

there are basically only two methods of integration: substitution and parts.

(a) Try substitution. Even if no substitution is obvious (Step 2), some inspiration
or ingenuity (or even desperation) may suggest an appropriate substitution.

(b) Try parts. Although integration by parts is used most of the time on products
of the form described in Step 3(c), it is sometimes effective on single func-
tions. Looking at Section 6.1, we see that it works on tan”'x, sin”'x, and In x,
and these are all inverse functions.

(c) Manipulate the integrand. Algebraic manipulations (perhaps rationalizing the
denominator or using trigonometric identities) may be useful in transforming
the integral into an easier form. These manipulations may be more substantial
than in Step 1 and may involve some ingenuity. Here is an example:

dx 1 1 + cos x 1 + cosx
f | . dx = [ LEeosx
1 — cosx 1 —cosx 1+ cosx 1 — cos™x

1+ cosx CcoS X
=dex=J.<csczx+ — )dx
sin’x sin’x

(d) Relate the problem to previous problems. When you have built up some expe-
rience in integration, you may be able to use a method on a given integral that
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is similar to a method you have already used on a previous integral. Or you
may even be able to express the given integral in terms of a previous one. For
instance, f tan’x sec x dx is a challenging integral, but if we make use of the
identity tan>x = sec®x — 1, we can write

f tan’x sec x dx = f sec’x dx — j sec x dx

and if f sec’x dx has previously been evaluated (see Example 8 in Section 6.2),
then that calculation can be used in the present problem.

(e) Use several methods. Sometimes two or three methods are required to evalu-
ate an integral. The evaluation could involve several successive substitutions
of different types, or it might combine integration by parts with one or more
substitutions.

In the following examples we indicate a method of attack but do not fully work out the
integral.

tan’x
EXAMPLE 1 | ———dx
COs™ X

In Step 1 we rewrite the integral:

- tan’x R R
j s—dx = jtan*x sec’x dx
cos’x
The integral is now of the form f tan”x sec”x dx with m odd, so we can use the advice
on page 313.
Alternatively, if in Step 1 we had written

tan3x sin’x sin’x
f = f dx = j dx

cos3x cos’x cos’x cos’x

then we could have continued as follows with the substitution # = cos x:

sin3x 1 — cos’x 1 -
f 3 —j sinxdx=f ( du)
cos®x cos®x u®

—f du—f(u —u % du

EXAMPLE 2 j eV dx

According to Step 3(d)(ii) we substitute u = \/} Then x = u?, so dx = 2u du and
j eV dx = 2! ue"du

The integrand is now a product of u and the transcendental function e” so it can be inte-
grated by parts. [ |

X+ 1
EXAMPLE 3 | ———————dx

x7 — 3x" — 10x
No algebraic simplification or substitution is obvious, so Steps 1 and 2 don’t apply here.
The integrand is a rational function so we apply the procedure of Section 6.3, remember-
ing that the first step is to divide. [ |

EXAMPLE 4 j
Il X

Here Step 2 is all that is needed. We substitute # = In x because its differential is
du = dx/x, which occurs in the integral. |
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EXERCISES

1 —x
EXAMPLE 5 f dx
1 +x

Although the rationalizing substitution

1 —x
1 +x

u =

works here [Step 3(d)(ii)], it leads to a very complicated rational function. An easier
method is to do some algebraic manipulation [either as Step 1 or as Step 4(c)]. Multiply-

ing numerator and denominator by /1 — x, we have

j‘ l—xd_ l—xd
1+xx \/l—xzx

=sin'x+/1—-x2+C

1
f\/l—xzdx_j\/lx—)ﬂdx

[A] Click here for answers.

3x2 -2

[s] Click here for solutions. 25. f ——x

x2—2x—8

1-80 m Evaluate the integral.

r sinx + sec x
I.Jid

X
tan x

3. foz 2 dt

(r =3y

arctan y

1 e
s T+ ?

~

. J‘z r*lnrdr
1

9. dex

21

23.

x> —4x+5

. fsin30 cos’0 do
r dx

¢ J (1 _ x2)3/2
J‘l/z X A

Tl 1 =22

. fxsinzx dx

. fe”"jdx

. ft3e’2’dt

J:)l (1 + Vx)Pdx

27. f cot x In(sin x) dx

2. ftan30d0 .
». [’ L
. X J o w+2
’ f V3 —xt ) . 1+x
31.J dx
1 —x
6. fxcscx cot x dx
33. f\/S — 2x — x%dx
8 f“de
Coox?—4x -5
N 35. fl x8 sin x dx
10. Jﬁdx -
X+ xt+ 1
37. JW cos’f tan’6 do
12. f sin x cos(cos x) dx 0
JTH1 . | al d
. X
l4.f7nxdx 1 — x4+ 41 —x2
xlnx
N 41. | Atan’6d6
16. | NErta I
e 43, fe*\/l + e'dx
ls.f ot
1 +e
20. J o d 45. J X’e " dx
X+ a
22. fxsin"xdx 47. f PER dx
1
24. fln(xz - 1) dx 49, fﬁdx

26.

28.

30.

32

34,

36.

38.

42.

|

w/4

3x2 -2

Jx3—2x—8

f sin \/E dt

dx

J‘fz |x* — 4x| dx

V2x — 1
—— dx

2x + 3

J‘W/Z 1 + 4 cotx

4 — cotx

f sin 4x cos 3x dx

foﬂM tan’6 sec®0 do

: I
N —
J Jay —dy -3

f x?tan"'x dx

44, f JT+ ' dx

|+ e
46. ¢ dx
1 —ef
X
48 d

fx“—a“ x

50.

J=

1

Vax + 1

dx
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¢ 1 dx In(x + 1)
5. | e 52. fix(x“ 5 69. 70. jiz dx
53. f ¢2 sinh mx dx 54. J (x + sin x)*dx 7. J B SN 72 f Vi di
x*+4xr+3 1+ 3t
¢ xlnx
55. f 56. | ————dx | dx
T4t 4\/x 1 1 B—— i no[ —5—
f (x=2)(x*+ 4) f et —e "
57. f /X + cdx 58. J x*In(1 + x) dx X
75. J sin x sin 2x sin 3x dx 76. f (x* — bx) sin 2x dx
¢ 1
59. | —d 60. | —=d
J PE fx-i-i/;c u Vx sec x cos2x
7. - dx 78 [
* PE 1+ x sin x + secx
6. | <5 ——dx 62. [ — g dx
x"’+ 16 x+1 . sin x cos x
In ) 79. J x sin’x cos x dx 80. f n
_ - t sin*x + cos*x
63. [ \xer" dx et
w/4 Sin x CoS x
1 3 u” + 1 . 2
65. | — dx 66. —du 81. The functions y = ¢* and y = x’e don t have elementary
f Va1 +Vx L w —u antiderivatives, but y = (2x + l)e * does. Evaluate
. 1 2x2 + 1)e* dx.
6. fz arctan\/ 64, J ax J( )e*
1 +2e*—e*
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ANSWERS

45, —1(x* + l)e"‘3 +C
47. In \/x2> + a® + tan"'(x/a) + C

[s] Click here for solutions.

b e o]+ B R T
7. % p3 - 2 9. lin(x> — 4x + 5) + tan"'(x — 2) + C 53. (1/m)x? cosh(mx) — (2/m*)x sinh(mx) + (2/m*) cosh(mx) + C
1. § cos’d — £ cos’d + C (or ;sin*6 — 3sin® + 3 sin@ + C) 55. 3In(Vx + T+ 3) —In(Vx+T+1)+C

13. x/VT— %2+ C 15.1-13 57. 3(x + ¢)° = 3c(x + )P + C

17. x> — ixsinx cos x + §sin’x + C 59. ¢+ 31n [(e* = Dfle*+ D[+ C

(or jx? — fxsin 2x — § cos 2x + C) 6l. ;tan"'(3x°) + C 63 2(x — 2y/x + 2)e¥" + C

19. ¢+ C 2. —ge @+ 612 +61+3)+C 65. 2[(x + 12 — 2]+ C

23. %% 25.3x+3In|x—4|-3in|x+2[+C 67. 237 —imr—1In2  69. ¢ —In(l +e*) + C

27. (nsinx)>+ C  29. 15 + 71n? 7 =G> +3) + x>+ D)+ C

l.sin'x —/1—x2+C 73. §In|x — 2| — 5 In(x® + 4) — ytan"'(x/2) + C

33. 2sin”!((x + 1)/2) + (x + 1)/2)/3 —2x —x2+ C 75. 2 cos 6x — = cos 4x — xcos 2x + C

350 37. 7/8 — % 39. -In(1 + V1 —-x2)+C 77. 2tan”'(x*?) + C 79. jxsin’x + 3 cosx — jcos’x + C

41. ftan 6 — 26> — In|sec 6| + C  43. 2(1 + )+ C 8l. xe”' + C
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SOLUTIONS

-

tanx tanx tanzx

2 —1 —1 -1
3./ Lth:/ 2 H3) g fu =t — 3, du = di] :/ 245 Y gu=|2m]u - ¢
o (t—3) J 3 u? _3 \u u? u

-3
=(2In1+6)— (2In3+2)=4—-2In30or4—1In9

./wd:c:/(smx + Secx)dw:/(cosx+cscx)dx:sinx+ln|csc:c—cotx\+C’

dy T oeretany /4 u u /4 /4 —m/4
5. Letu = arctany. Then du = = dy = e du = [e"] =" —e .

1+y2 1 1+y2 —n/a —7/4
3 wu=1Inr, dv=r*dr 3 3 3
’ ’ 1 1 243 1
1. rlnrdr = |=r®Inr 7/ Zrtdr=2m3-0— |=r°
/1 du="2 v:%rf’ {5 L 1 5 5 25 |,
_ 243 243 1\ _ 243 242
=3 m3— (F - 5) =% h3-F
z—1 [ (z—=2)+1 _ u 1 _ _
9./$274x+5dx—/(x_2)2+1dx—/<u2+1+u2+1>du [u=2—2,du=dx]

=3In(u®+1)+tan'u+C = 3In(z® — 4z +5) + tan Yz —2) + C

1. [sin® 0 cos® 0df = [ cos® Osin® Osin@dh = — [ cos® O (1 — cos® 0)(— sin §) dO

= Jur—w)du Lzz - C—Oziie de]
= [ —v’)du=3u®— 3u® +C = gcos®0 — 2cos’ 6+ C
Another solution:
[sin® 6 cos® 0df = [ sin® 6 (cos® 0)* cos§df = [ sin® 6 (1 — sin® §)* cos 6 d
u = sin 6,

du = cos 6 df

= [(u® —2u® +u")du=2u* —2u® + 1u® + C = 1sin 0 — Lsin® O+ L1sin®0 4 C

= [u(1 —u?)’du { ] = [u?(1—2u® +u)du

13. Let z = sin 0, where —% < 6 < 7. Then dz = cos 0 df and

—x = cos 0, so 1
(1 2)1/2 )
X
dx cos 6 db 2
= = 0do
/ (1= a2)3/2 / (cos 0)7 / 5
T
= [ — 17 2
tand + C erC x
15. Letu=1—22 = du= —2zxdx. Then
1/2 . 1 /34 1 1 [t 1 1
T =t qu=1 T du = L[] = =1-Z
o A2 2/1 Ju u 2/3/4“ TR, [\/E]sm 2
u =z, dv = sin® z dz,
17. fmsinzwdx v sm.:tz v ] 1 1.
du = dz v=[sinwde = [3(1—cos2z)de =3z — 3sinzcosx
= %xQ — %xsinxcosxff(%xf %sinxcosx) dzx
:%x2—%:psin:vcos:v—%z2+%sin2x+0:%xQ—%xsin:pcosx—i—%sinZ:p—i—C

Note: [sinzcoszdr = [sds = %sz + C [where s = sinz, ds = cosz dz].
A slightly different method is to write [z sin®zdx = [z - 3(1 —cos2z)dz = 1 [2dx — 3 [ 2 cos2zdz. If we

evaluate the second integral by parts, we arrive at the equivalent answer 22* — 1z sin 2z — £ cos2z + C.

19. Let u = e”. Thenfe””*ez dr = feexe”” dr= [e*du=e"+C = e +C.
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21. Integrate by parts three times, first with u = ¢, dv = e~2" dt:
[tPedt =1t 1 1 [3t%e 2 dt = —1tPe " — 3272 1 1 [3te " at
=—e [’ + 37 - te*2t+§/e*2tdt: —e i+ 2+ 3+ 2] 40

172 (4’ +6t° + 6t +3) + C

23 Letu=1+/x Thenz = (u—1)%,dx =2(u—1)du =

fol(l-i-\/f) de = 2 u® 2(u—1)du:2f12 (ug—ug)du:[%uw—Z-%ug]?
1024 1024 1 2 4097
=75 "9 T5T5T 7w
3z% — 2 6x + 22 A B .
25. = = —_— 2=A 2)+ B(z —4).
g 3+(z—4)(:c+2) 3+:c— + PR = 6x+ (z +2) + B(z — 4). Setting

x = 4 gives 46 = 64,50 A = % Setting z = —2 gives 10 = —6B5,s0 B = —%. Now

2_
/;ffngdx:/(3+jg—_/i 5_{_32)d:t73x+231n|x74|75ln|x+2|+C

21. Letu = In(sin). Thendu = cotzdr = [cotzln(sinz)dr = [udu = 1u*+ C = L[In(sinx)]* + C.

% 3w —1 5 7 5
29. = _—_— = — 71 2
9/0 2 dw /0 (3 w+2)dw [Sw Tln|w + |}O

=15—-7In7+7In2=15+7(In2—1In7) =15+ 7In 2

31. Asin Example 5,

/ 1+x Vi+z Vl—i—:cdx_ T l4z dm—/ dx +/ rdx
Vl—x \/1728 Vitz ) Vi—z2 ) VI—x2 V1—22
=sin 'z —1-224C

Another method: Substitute u = /(1 + x)/(1 — z).

B.3-2c—a?=—(+2zx+1)+4=4—(z+1)% Let

z+1=2sinf, where =5 < 6 < 5. Then dz = 2 cos 0 df) and 2
x+1
JV3=2z—22dx = [\/A— (z+1)2dz = [ /4 —4sin®§2cos 6 db
=4 [cos?0df =2 [(1+ cos26)db 0
/ / V4= (x+1y

=20 +sin20 + C =20 + 2sinfcosf + C
o 9. 2
— 2ein 1(30—!—1)_’_2.364—1 V3—-2x—=x ‘C

=3—-2x—x*

2 2 2

:2sin_1($—2’_1> +$;—1\/372x79€2+0

35. Because f(z) = % sinx is the product of an even function and an odd function, it is odd. Therefore,
[t absinzdr =0 [by (4.5.6)(b)].

31. [7/* cos? Otan® 9.df = [/ *sin® 0df = [7/* L (1 — cos26) df = [16 — Lsin26]7/"
(-1 -0-0=F-1

39. Letu=1—22. Thendu = —2zdx =

rdx 1 vdv 5
v e ¥ e il S R

:7/ dv :71n\w+1\+0:71n(\/17x2+1)+C

v+1
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M. Letu=0,dv=tan?6df = (sec29 — 1) dd = du=dfandv =tanf — 0. So
J0tan®0do =0(tan6 — 0) — [(tand — 0) df = Otand — 6> — In |sec 6] + 36° + C
=0tan — %62 —In|secd| + C
43. Letu =1+ €%, so that du = e” dz. Then
[erVIterdr = [u'?du=2u*?+C=21+¢€")%*+C.
Or: Letu = /T + €®, so that u? = 1 + e® and 2u du = e® dz. Then
Je'vVT+erds = [u-2udu= [2u’du=2u’+C = %(14—6“’)3/2—}—0.
85, Lett = 2. Thendt =3z%dz = [= fm5e’”3 dx = § [te”" dt. Now integrate by parts with u = ¢,
dv=etdt: [ = —%teft + % Jetdt=—3te™t — e+ C = —%67‘”3 (mS +1)+C.

r+a 1 2x dx dx 2 2 1 /T
0. [ arat =g [ we e B e =i ) ve pan (7)o
=Inv22 + a2 +tan"!(z/a) + C
9. Letu=+Vaz+1 = uw=4c+1 = 2udu=4dr = doc:%udu.SO

1 Ludu " du
———dx = 27:2/ =2(3)1
/x\/4:1:+1 ‘ /%(uzfl)u u?—1 (3)
lYETIo
VA +1+1

51. Let2x = tanf = z = %tan@, dr = %sec2 0do, /4z2 +1 = sech, so

u —

u +

1 ‘ + C'  [by Formula 19]

|+c

dx % SeC2 0 do / sec O /'
= = df = sc 6 df
/OC\/4:B2+1 /%tan@sec@ tanf ese i
4x*+1
= —Infcsch +cot ]+ C  [or In|csch — cot O] + C] ) 2x

SA72 [A72
:_mM_Fi +C orlnﬂ—i +C 0
2x 2x 2x 2x

1

53. /:c2 sinh(mz)dz = %xQ cosh(mz) — %/xcosh(mx) dz

u= x>, dv = sinh(mz) dz,
du=2zdr y= =L cosh(mz)

m

1 2 2 1 . 1 .
- -\ - — h
X cosh(mx) ( T smh(mx) f S (mm) dm)

U=z, dV =cosh(mz) dx,}

dU=dz v = % sinh(mzx)
= l$2 cosh(mz) — lm sinh(mz) + 2 cosh(mz) + C
m m? m3

55. Letu=+vz+ 1. Thenz =u? -1 =

/ dx :/ 2udu :/{71+3}du
r+4+4v/x 1 u? + 3 +4u u+1 u+3
=3mju+3—Infu+1/+C=3m(vVz+1+3)-In(vVa+1+1)+C
57. Letu = /= +c. Thenz =u® — ¢ =
Ja¥z¥cde=[(v’—c)u-3u’du=3 [ (u°—cu®)du=2u" - 3cu* +C
=3+ - 3cx+o)*+C

59. Letu = e”. Thenz = Inw, de = du/u =

/ dz 7/ du/u 7/ du 7/ 2 1 1/2 du
e3r _ gz ud —u (u—l)u2(u—|—])_ u—1 u? u—+1

—l-i-lln
w2

e’ —1
er 4+ 1

u—1

u—+1

‘—l—Czeiz—l—%ln

+c
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61. Let w = z°. Then du = 5z*dx =

atde Ldu 11l O Lt (1% 4 O
16" | wyig 5 aten (3w +C=gtan (327) +C.

L

2V
=2y%, dv=e’dy,
/\/Ee‘/;dx: /yey(2ydy):/2yzeydy [ =y v=e y]

63. Lety = /7 so that dy = dr = dzr=2+/xdy=2ydy. Then

du=4ydy v=¢€"

U=4y, dV =¢eYdy
— 2.y _ y > )
=2y’e /4ye dy [dU:4dy V—ev }

= %Y — (4yey — [4e? dy) = 2y%e¥ — dyeY¥ + 4e¥ + C
=202 —2y+2)eY +C =2z -2/ +2) V" +C

65./Wd—19”+ﬁ:/(\/I_Jrhﬁ-\/‘/?:g)dx:/(\/ﬁ—ﬁ)dx
:%[(:c+1)3/2—:c3/2}—|—0

67. Letw = /. Thendu = dt/(2v/t) =

3 V3
: B _ . :
arc\a/brzn/f gt — tan~'u (2du) = 2[utan"u — 3 In(1 + )] ;/g [Example 5 in Section 6.1]
1 1

= 2[(\/§tan_1 3 — %ln4) — (tan_ll — %IHQ)]
=2[(v3-3-In2)— (3§ - 3In2)] =237 — ir—In2

69. Letw = €®. Thenz = Inu, dz = du/u =

e u? du u 1
/1+ezdm_/1+u7_/1+udu_/<1_1+u>du

=u—Inl4+u/+C=€e"-In(1+e")+C

n T _ T _Az+B  Cz+D
Tat+4x2+3 (2243)(x2+1)  22+3 22 +1
z=(Az+ B)(2” +1) + (Cz + D)(2® + 3) = (A2’ + B2® + Az + B) + (Cz’ + Dz* + 3Cz + 3D)
=(A+0)2® +(B+D)a” + (A+30)z+ (B+3D) =
A+C=0,B+D=0,A43C=1,B+3D=0 = A=-1,C=3, B=0,D=0.Thus,
1 1
xT —5T 5L
— —dr= 2 2 d
,/x4+4ac2+3 v /<z2+3+x2+1) *
2 2 1 ZC2+1
=—3In(z"+3)+3In(z" +1)+C or Z11[1($2+3)+c
7. 1 _ A +B:c+C N

(z—2)(x2+4) x-2 z2+4
1=A(2*+4)+ (Bz+C)(z—2) = (A+ B)2” + (C —2B)z+ (4A—2C). So0 = A+ B = C — 2B,
1=4A—2C. Settingz =2gives A=% = B=—¢tandC=—1.50

1 do — i +f§xf% dac—l dr 1 [ 2zdz 1 dx
J (z=-2)(z2+4) " \z-2 x? 44 "8/ x—2 16/ z2+4 4 ) 22+4

=itlhnjz—2| - &% ln(:v2 +4) — %tan_l(:c/2) +C
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75. [sinzsin2zsin3zdr = [sinz - 3[cos(2x — 3z) — cos(2z + 3x)]dz  [by Formula 18b in Appendix A]
= 3 [ (sinz cosx — sin x cos bz) dw

by Formula 18a

1 [sin2xdx — 1 [ $ [sin(z + 52) + sin(z — 5z)] dz

in Appendix A
= —gcos2x — ; [(sin6z — sindz) dov = —3 cos 2z + 57 cos 6z — 75 cosdx + C
71. Letu = 2°/? so that u® = 2® and du = $2'/*dx = /zdx = 2 du. Then
VT 2 2, 2, 1, 32
1+:1:3de 1+u2du=§tan u—i—C:gtan () +C.
79. Letu =z, dv =sinzcoszdr = duzdaz,v:%sin?’m. Then
[zsin’z coszdr = xsin®z — [ Lsin®awde = trsin®z — % [(1— cos®z) sinzda
1 .4 1 2 Y = COSZ,
S S la-y?)d
3xsm x+3/( v)dy [dy:fsinxd:p]

= l,gin3 EPR P = Ll,gind 1 _ 1 3
= gzsin®x+ 3y — 5y° +C = gzsin”x + 3cosz — gcos®z + C

81. The functiony = 22¢”” does have an elementary antiderivative, so we’ll use this fact to help evaluate the integral.
(22 + l)eg”2 dz = f2x26‘"”2d:c + fe‘"”zdx = fx(?xe”z) dx + feIde

2
u=ux dv=2ze" dx,

=ze” — [ dx+ [ dx I:du:dac b o

] :xez2+C





