
CASE STUDY 2d Hosts, Parasites, and Time-Travel

In this part of the case study we will take the formulation of the math-
ematical model for the antagonistic interactions between Daphnia and its 
parasite from Case Study 2c on page 484 and simplify it by linearization near 
one of its equilibrium points. We will then obtain an explicit solution for the frequency 
of the host and parasite genotypes as functions of time.

The analysis starts with equations

(1)

  
dq

dt
− sqqs1 2 qds1 2 2pd 

 
dp

dt
− sp ps1 2 pds2q 2 1d

that were obtained in Case Study 2c. Recall that there are two possible host genotypes (A 
and a) and two possible parasite genotypes (B and b). Parasites of type B can infect only 
hosts of type A, while parasites of type b can infect only hosts of type a. In Equations 1, 
q is the frequency of the type A host and p is the frequency of the type B parasite. The 
constant sq represents the reduction in reproductive output of a host due to infection, and 
sp is the reduction in reproductive output of a parasite if it is unable to infect a host. In 

CASE STUDY 2d | Hosts, Parasites, and Time-Travel  679

  (a) Find all equilibria.
  (b) Calculate the Jacobian matrix.
  (c) Determine the local stability properties of all equilibria.

 31.  Sterile insect technique Sterile insects are sometimes 
released as a means of controlling insect populations. 
Fertile insects mate with the sterile individuals and 
therefore fail to produce offspring. The following differen-
tial equations model this idea:

 
df

dt
− af  

f

f 1 s
2 t f s f 1 sd

 
ds

dt
− r 2 tss f 1 sd

   where f std and sstd are the numbers of fertile and ster-
ile individuals at time t, r is the rate of release of sterile 
insects, a is a positive birth rate constant, and t is a positive 
death rate constant.

  (a)  Show that, when no sterile insects are being released 
(that is, where r − 0), there is a locally stable equilib-
rium where f̂ − ayt and ŝ − 0.

  (b)  Show that, when sterile insects are being released (that 
is, where r . 0), there is a locally stable equilibrium 
where f̂ − 0 and ŝ − sryt .

Source: Adapted from H. Barclay et al., “Effects of Sterile Insect Releases 

on a Population under Predation or Parasitism,” Researches on Population 

Ecology 22 (1980): 136–146.

 29.  Habitat destruction The model of Exercise 10.4.27 can 
be extended to include the effects of habitat destruction. 
Suppose that only a fraction, h, of the patches are habitable 
(0 , h , 1). The equations become

 
dp1

dt
− c1p1sh 2 p1d 2 m1p1

 
dp2

dt
− c2 p2sh 2 p1 2 p2d 2 m2 p2 2 c1p1p2

  (a) What are the equilibria?
  (b) Calculate the Jacobian matrix.
  (c)  Determine the values of h for which the extinction 

equilibrium is stable.

Source: Adapted from S. Nee et al., “Dynamics of Metapopulations: Habitat 

Destruction and Competitive Coexistence,” Journal of Animal Ecology 61 

(1992): 37– 40.

 30.  Gene regulation  The model of gene regulation from 
Section 10.3 is often extended to nonlinear gene regulation 
by specifying a nonlinear function for how the concentra-
tion of protein in a cell affects mRNA production. One such 
example, called an auto-activation model, is

dm

dt
−

2p

1 1 2p
2 m

dp

dt
− m 2 p
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Case Study 2c we found that q − 1
2 and p − 1

2 is an equilibrium of this system of dif-
ferential equations.

Let’s define «qstd − qstd 2 1
2 and «pstd − pstd 2 1

2 to be the deviations of q and p 
from these equilibrium values, respectively.

 1.  Linearize Equations 1 near the equilibrium q − 1
2, p − 1

2 to show that «q and «p 
satisfy the differential equations

(2)

  
d«q

dt
− 2

sq

2
 «p 

 
d«p

dt
−

sp

2
 «q

 2.  Show that the solution to system (2), with initial conditions «qs0d and «ps0d, is 

 «qstd − «qs0d cos(1
2 ssqsp t) 2 «ps0dÎ sq

sp

       sin(1
2 ssqsp t)

 «pstd − «ps0d cos(1
2 ssqsp t) 1 «qs0dÎ sp

sq

       sin(1
2 ssqsp t)

 3.  A useful trigonometric identity is 

a cossctd 1 b sinsctd − M cossct 2 �d

   where M − sa 2 1 b 2  and � is the angle between 0 and 2� whose cosine and 
sine satisfy the equations cos � − ayM and sin � − byM (see Figure 1).  
Note that if a . 0 and b . 0 (so that we are in the first quadrant), then 
� − tan21sbyad. More generally, however, � is not given by the principal branch 
of tan21. Instead, if a , 0 (second or third quadrant), then � − � 1 tan21sbyad,  
whereas if a , 0 and b , 0 (fourth quadrant), then � − 2� 1 tan21sbyad. Use 
the identity to show that the solutions in Problem 2 can be written as 

 «qstd − Mq cossct 2 �qd

 «pstd − Mp cossct 2 �pd

   where c − 1
2 ssq sp , 

 Mq − Î«qs0d2 1 «ps0d2 
sq

sp
 

 Mp − Î«ps0d2 1 «qs0d2 
sp

sq
 

M

a

b
M

˙

FIGURE 1
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  and �q and �p are given by

�q −  

tan21S2
«ps0dssq 

«qs0dssp 
D

� 1 tan21S2
«ps0dssq 

«qs0dssp 
D

2� 1 tan21S2
«ps0dssq 

«qs0dssp 
D
  

if «qs0d . 0, «ps0d , 0

if «qs0d , 0

if

 

«qs0d . 0, «ps0d . 0

  and

�q −  

tan21S2
«qs0dssp 

«ps0dssq 
D

� 1 tan21S «qs0dssp 

«ps0dssq 
D

2� 1 tan21S «qs0dssp 

«ps0dssq 
D
  

if «ps0d . 0, «qs0d . 0

if «ps0d , 0

if

 

«ps0d . 0, «qs0d , 0

   Using the definitions of «qstd and «pstd, we can see that the frequencies qstd and 
pstd, as functions of time, are given by the equations

(3)

  qstd − 1
2 1 Mq cossct 2 �qd 

  pstd − 1
2 1 Mp cossct 2 �pd 

 4.  Describe, qualitatively, the predicted behavior of q and p from Equations 3.

 5.  How do the constants Mq and Mp affect the behavior? How do the constants �q 
and �p affect the behavior? How does the constant c affect the behavior?

 6.  Use your answers to Problem 5 to explain how the constants sq and sp affect the 
frequency of type A hosts and type B parasites over time. Can you provide a 
biological explanation for your answer?

The properties of Equations 3, and the predictions that can be obtained from them in 
terms of experimental data, are explored in Case Study 2a and 2b.
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