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4.2 | THE MEAN VALUE THEOREM

SECTION 4.2 THE MEAN VALUE THEOREM = |

B Click here for answers.

1-4 = Verify that the function satisfies the three hypotheses of
Rolle’s Theorem on the given interval. Then find all numbers ¢ that
satisty the conclusion of Rolle’s Theorem.

Lfx)=x—x, [—1,1]

2. fx)=x*+x*—2x+1, [-2,0]
3. f(x) = cos 2x, [0, 7]

4. f(x) = sinx + cosx, [0,27]

5-11 = Verify that the function satisfies the hypotheses of the
Mean Value Theorem on the given interval. Then find all numbers ¢
that satisfy the conclusion of the Mean Value Theorem.

5. f(x) =x>— 4x + 5, [1,5]

6. f(x) =x*—2x+1, [-2,3]

7. f(x)=1-x% [0,3]

8 f()=2x"+x>—x—1, [0,2]

B Click here for solutions.

9. f(x) = 1/x; [1,2]
10. f(x) =V [1,4]
. fx) =14+ Ix—1; [2,9]

12. Verify that the function f(x) = x* — 6x* + 4x — 1 satisfies the
hypotheses of the Mean Value Theorem on the interval [0, 1].
Then use a graphing calculator or CAS to find, correct to two
decimal places, the numbers c that satisfy the conclusion of the
Mean Value Theorem.

13. Show that the equation x* + 10x + 3 = 0 has exactly one real
root.

14. Show that the equation 3x — 2 + cos(mx/2) = 0 has exactly
one real root.

15. Show that the equation x*> — 6x + ¢ = 0 has at most one root
in the interval [—1, 1].

16. Suppose fis continuous on [2, 5] and 1 < f'(x) < 4 for all x in
(2, 5). Show that 3 < f(5) — f(2) < 12.
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4.2 | ANSWERS

A Click here for exercises.
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B Click here for solutions.
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A Click here for exercises.

1. f(z) =2® — =, [-1,1]. f,being a polynomial, is
continuous on [—1, 1] and differentiable on (—1,1). Also
F(=D)=0=f(). f'(c)=3*-1=0 =

— 1
C—iﬁ

2. f(x) =2® + 2% =22+ 1,[—=2,0]. f, being a polynomial,
is continuous on [—2, 0] and differentiable on (—2,0). Also
F(=2)=1=f(0). f'(c)=3c*+2c—2=0 =
¢ = =157 put only =257 lies in the interval (2, 0).

3. f(x) = cos2z, [0,7]. f is continuous on [0, | and
differentiable on (0, 7). Also f(0) =1 = f(m).
f'(¢) =—=2sin2¢ =0 = sin2c=0 = 2c=n7

= c¢=73% [sincece (0,)].

4. f(z) =sinz + cosz, [0,27]. Since sinz and cos z are
continuous on [0, 27| and differentiable on (0, 27) so is their
sum f (z). f(0)=1= f(2m). f' (c) =cosc—sinc=0

& cosc=sine & c=Zor

5. f(x) =2 —4x + 5, [1,5]. f,being a polynomial, is
continuous on [1, 5] and differentiable on (1, 5).
fG) —f1) 10-2 —oand2 = f' () — —2¢ =

5—-1 4

_ 3
C—QA

6. f(x) =2 —22x+1,[-2,3] f, being a polynomial, is
continuous on [—2, 3] and differentiable on

f3)—f(=2)  22-(=3)
(=2.3). 3—(-2) 5

5=f(c)=3-2 = 3=7 = c::l:\/g

= 5and

7. f(z) =1—2%[0,3]. f,being a polynomial, is
continuous on [0, 3] and differentiable on (0, 3).
_]"(3)—_]"(0)7—8—17_ 9 _ gl o

370 =—g = 3 and -3 = f'(c) = —2¢
= c=3

8. f(x) =22 + 2% —x —1,[0,2]. f,being a polynomial,
is continuous on [0, 2] and differentiable on

f@-s0) 17-(=1)
9=f'"(c)=6c>+2c—1 = 0=6c"+2c—10 =
¢ = =22 12VEL g oply ~14VEL Jies in (0, 2).

9. f(z) =1/x,[1,2]. f,being a rational function, is
continuous on [1,2] and differentiable on (1, 2).

: : 1_
1(2;:{(1) =3 L tad-lop()=-2

= ¢? =2 = ¢ = /2 (since ¢ must lie in [1,2]).

10.

f(x) = /=, [1,4]. f (=) is continuous on [1, 4] and

differentiable on (1, 4). J4)-r@) — 2-1 — 1 and
4-1 3 3

1 . 1 2

3-rO-gr = Vemi = o= ()=

. 1,z — 1, and /z are continuous on R, and therefore

f(z) =1+ ¢z —11is continuous on R, and hence
continuous on [2,9]. /' (z) =  (x — 1) */%, so that
f 1s differentiable for all z # 1 and so f is
differentiable on (2,9). By the Mean Value

Theorem, there exists a number ¢ such that
FQ) =t LO=/@ _3-2 1

9_2 7 1 7
Te=1"P=1 = (c-12=(%)° =

c=+ (D) 41 = ¢=(I)** + 1 ~4.564since
c€el2,9.

. f(z) = 2* — 62 + 42 — 1 is continuous and differentiable

on R since it is a polynomial. So by the Mean Value
Theorem there exists a number ¢ such that

Fle) = 4c® — 1862 1 4 — 1 (13 = g (0)

= 4¢® —18¢% + 5 = 0. Using a CAS to solve this
equation, we find that the numbers, correct to two decimal
places, are ¢ = 4.44, 0.56, and —0.50.

. f(z) = 2° + 102 + 3. Since f is continuous and

f(=1) = —8 and f (0) = 3, the equation f (x) = 0 has at
least one root in (—1, 0) by the Intermediate Value Theorem.
Suppose that the equation has more than one root; say a and b
are both roots with @ < b. Then f (a) = 0 = f (b) so by
Rolle’s Theorem f' (x) = 5z* + 10 = 0 has a oot in (a, b).
But this is impossible since clearly f’ (z) > 10 > 0 for all

real x.

. f(x) =3z — 2+ cos (). Since f is continuous and

f(0) =—1and f (1) = 1, the equation f (z) = 0 has at
least one root in (0, 1) by the Intermediate Value Theorem.
Suppose it has more than one root; say a < b are both roots.
Then f (a) = 0 = f (b), so by Rolle’s Theorem,

J'(z) =3 — % sin (§2) = Ohasaroot in (a,b). But thisis
impossible since —sinz > -1 = f' () >3-% >0
for all real .
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15.

16.

f(z) = 2® — 6z + c. Suppose that f (z) = 0 has two roots
aand bwith —1 < a < b < 1. Then f (a) =0 = f(b), so
by Rolle’s Theorem there is a number d in (a, b) with
J'(d)=0. Now0 = f'(d) =5d* -6 = d==%{/E,
which are both outside [—1, 1] and hence outside (a, b).

Thus, f (x) can have at most one root in [—1, 1].

) Rl A C)
T —f (C) for

some ¢ € (2,5). Since 1 < f' (z) < 4, we have
VOB OO,

By the Mean Value Theorem,

3<F(5)—f(2) <12



