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SECTION 7.1 AREAS BETWEEN CURVES = |

7.1 | AREAS BETWEEN CURVES

N Click here for answers. I Click here for solutions.
1-4 = Find the area of the shaded region. 18. y=x* y=—-—x—-1, x=-2, x=0
I y ot 3 2. y o 19. y2=):, y=)c-i-5,2 y=-1, y=2
y=x 20 x +y" =0, x=y"+1, y=0, y=3
L/ 2. y=x? —4x, y=2x
_1 ‘ ) 22. x*4+2x+y=0, x+y+2=0
] x =22 x 23. y=4—x% y=x+2, x=-3 x=0
y=x>—4x 24, y=x"+2x+2, y=x+4, x=-3 x=2
25. y=x—4x*+3x, y=x>—x
4. . 26. y=x, y=sinx, x=—7w/4, x= /2
27. y=sinx, y=cos2x, x=0, x=w/4
Y y/=2 28 y=|x|, y=(x+17°-7, x=—4
0 29. y=|x—-1], y=x>—3, x=0
. / 2:; 30 x=3y, x+y=0, Tx+3y=24
= ’ 3l. y=xy1 —x% y=x-—x°

. . . . . . . . . . . 32. y=1/x, y=1/x* x=1, x=2

— 42 —_ 2
5-10 = Sketch the region enclosed by the given curves. Decide B.oy=x, y=2/x+1)

whether to integrate with respect to x or y. Draw a typical approxi- 34. y=2°, y=5, x=-1, x=1
mating rectangle and label its height and width. Then find the area

of the region. 35. y=e¢', y=e* x=1

5. y=4x% y=x>+3 36 y=¢", y=e ", x=-2, x=1

6. y=x+1, y=@x—-17>% x=-1, x=2

37. Evaluat
7.y=x>+1, y=3—-x% x=-2, x=2 vatuate

m 2

2 _ _ ; _ £
8 y'=x, x—2y=3 fo sin x 77_x dx
9. y=1/x, x=0, y=1 y=2 and interpret it as the area of a region. Sketch the region.

= = 2 = — =
10. y=cosx, y=secx, x w/4, x=m/4 38-39 = Use the Midpoint Rule with n = 4 to approximate the
= = = - = = = = . . . area of the region bounded by the given curves.
11-36 = Sketch the region bounded by the given curves and find 38. y=v1+x, y=1-x x=2

the area of the region. 39 y=xtanx, y=x

1. y=x y= x3 [ [ [ [] [ [ [ [] [ [ [
12 y =+ y=x/2 40-41 = Use a graph to find approximate x-coordinates of the
B.y=Vx—1, x=3y+1=0 points of intersection of the given curves. Then use the Midpoint
Rule with n = 4 to approximate the area of the region bounded by
4. y=x'—x% y=1-x’ the curves.
I5. y=x*+2, y=2x+5 x=0, x=6 40. y=1+3x —2x% y=+1+x*
16. x+y*=2, x+y=0 41. y = x> —x, y=sin(x?)
L] n n L} L] n n L} nu n n

17. y=x>+3, y=x x=-1, x=
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42-43 = Find the area of the region bounded by the given
curves by two methods: (a) integrating with respect to x, and
(b) integrating with respect to y.

4. 4x +y*=0, y=2x+4

43. x+1=2(y— 2% x+6y=7

u n n L} u n n n L] n
44-45 = Use calculus to find the area of the triangle with the
given vertices.

44. (0,0), (1, 8), (4,3) 45. (—2,5),(0,=3),(5,2)

46-48 = Use a graph to find approximate x-coordinates of the

points of intersection of the given curves. Then find
(approximately) the area of the region bounded by the curves.

46. y=/x + 1, y=x?

47. y=x*—1, y = xsin(x?)
48. y=x?, y= e
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ANSWERS

SECTION 7.1

AREAS BETWEEN CURVES

I3 Click here for exercises.

10.
11.

12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.
23.
24,
25.
26.

27.
28.
29.
30.
31
32,

33.

® L N &

16 1

¥ S5 22

Bl Click here for solutions.

38.
39.
40.
41.
42.
43.

46.

48.

3.22
0.13
0.83
0.81

[\ N W ©
AN

1.38
1.78
0.98
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71 \ SOLUTIONS

A Click here for exercises.

1. A= f_ll [(2*+3) — 2] do = 2f01 (z° + 3) dz 7. A= f:; [(#>+1) — (3—2%)] d=
[by Theorem 5.5.7(a)] + [ [(B-2%) = (2 +1)] do
=2[ia® +3z],=2(3+3) =2 + 222 +1) — (3—a?)] dz
_ -1 2 1 2
2. A:fo6 [2x— (x2—4a:)}dx:f06 (6:1’—:1:2) dx =/ (2x 72) i (27296 )dm
2 2
= [32% — 12°]0 = 108 — 72 = 36 +Jy (207 - 2) de
:2[01 (2 — 22?) dz + 2 [? (22% — 2) d [symmetry]
1 1
A= [(0-y) = (" —y)]dy=2[; 1-y")dy — 22— 22%]) +2[22° — 2]’
by Theorem 5.5.7(a
_2[_[ly5+ }1_2(2]+1)_§ :2(2_§)+2(?6_4)1—2(——2) 8
= 59 TYlo = 5 =5 y=3- 2 Y
A= [~y -9)]dy =[5 — 3 +59)
S(210) - (3-1o5)- %
x=-2 / x=2
5. A:fil [(2® +3) — 427] da::2f01 (3 —32%) dw |/ 0 \/ x
=2[3z-2%,=2(3-1) =4 y=x+1
y
(~1.4) (1.4) 3-A:f3 [(2y+3) —v’]dy = [v* +3y — 54°)°
(9+9-9)—(1-3+3)=2
y=x*+3
9.3)
\y e (x4 3) — 4x* W ' Ay
0 * x—2y 3 (2y+3)—
s “ B
brz+l=(2—-1?% = z+1=2>-22+1 = 9.A:ff(l/y)dy:[lny]i:ln2—ln1:ln2%0.69

0=2>-32z = 0=z(x—3) = z=0o0r3.
A = ffl|(x+l)—(1:—1)2|d1:
= 2 [z-1)?~(z+1)]de

+f0[x+1 (xfl)ﬂd:r

= fol (:c2—3m)d:c+f0 ( m—mz)dm
0
= [%xB - %Jﬂq + [gxz - §$3]0 10. A = fﬁ/4 (secszcosx) dx
=0-(-3-3)+(6-3)-0=% 72f (sec :L’fcosx)dx—2[tanxfsmx]”/4
’ :2(1_— —2— 2 ~ 0.59
— y — 2
y=@-1 y
y=x+1
V y=sec’x
(x+1)—(x—1)7?
(0.1) Sec X —COoSX
y=cos x
x=-1 x=2 / } 0
0 . Ax —f
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15. A= [2[(20+5) — (2? +2)] do
+ J5 [(@® +2) - (20 +5)] do
= fos (—xQ + 2z +3) dr + f36 (azz — 2z — 3) dx

= —%x3+x2+3x}2+ [%xg —x? —Bx]g

=36
y
y=2x+5
3,11 //
N\
e
0y=x2+2 x=6

4

122 A = f; (\/5, %x) de = {§x3/2 — ixz]

=(¥-4)-0=3 6. A= [ [2—y2— (—y)]dy=[* (—2+y+2)dy

0

— -4+ b
—(-b+2+a)-(G+i-2 -3
<fzmy”

18. A :ffz [2* = (—z —1)] da = f_02 (z*+2+1)de

Il
il
8

o
+
wl=
8

¥
+
B,
[S)
N
|
o
—

- (-2 +2-2)
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19. A= [2 [y2— (y—5)]dy = [34° — Ly* +5y]”,
=(5-2+10)~(-3-3-5) =%

y
y=x+5
y=2
; 0 X
; y=-1 :
y=x

0. A= [ [(v*+1) — (=) dy =[5 (2" + 1) dy
=2 +y]s=18+3=21

21. A= f06 [2x - (mz - 4$)} dxr = f06 (63: — :v2) dx

= [32 — 12°]0 = 108 — 72 = 36

y
6,12)

y=2x

y=x'—4x

22. A= fiz [-2® — 2z — (—2 — 2)] da

_r1

5 (fxz —z+2)dr = [,%ﬁ - %x2 +2x]1_
—(4-3-2)-(3-2-0-3

x+y+2=0

2

X

(Z,N P+2x+y=0

(1,-3)

B.A=[°](4-2%) —(+2)|de
—f [(m—|—2 (4—1’2)}d1’
+ [0 [(4—2?) — (z +2)] da

:f_z (m2+az—2)dx+f32 (—x2—m+2)da:
—2
3

+ gt - g2,
= (34244~ (94§ +0)
+0—(§-2-4) =%

[%m + :v —2x}

y
(2,4) y=x+2
=45
(2,0) Y
0 X

M A=[[(2*+220+2) - (x+4)]dx
+ [+ — (22 + 20 +2)] da
+ [2 (e +22+2) — (v +4)] da
=[F(®+z—2)do+ [',(-a® —z+2)d
+ [(a?+2-2)da

e

= [32° + 52° — 22]
32 + 3o 2]}
=[(-3+2+4) - (-9+% +6)

Fl3-4en -3

y y=x2+2)L+2
(2,10)
y=x+4
(=3,5)
0 : >
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5. A= [ [(2° —42® + 32) — (2* —z)] da 8. A= [ (2~ [(x+1)°—7])da
+ f14 [#? —x — (2 — 42® + 37) ]| d= + f02 (z—[(z+1)>=7])dz
= [ (2% — 5% + 4z) dx + [ (—2® + 5a® — 4z) dz = [°, (~2* =3z +6)dz + [} (—a® —z+6)dz

14 5.3 9210 L [_1.4 ., 5,3 o 2]4 13
37" — 327 4 220% 4 [-32t + 327 - 20%] = [-32° — 327
1

1

—2+2) -0+ (—64+ 320 —32)

+6x]
=0— (% -24-24)+(-§-2+12) —0=34

Dt -3t - 5 el

y

y=x'—4x?+3x

\\/Ay(x+1)2—7

29 A= fol [(1-2)— (2" —3)] do
P e-D - (-3 de
— 30— 37 4 el 4 [+ 47 4 2]
26. A:fo /4 (sinz — ) da:+f7r/2 (z —sinz) dz :(_%_%+4)_0+(_§+2+4)
:[ cosx——:z:] W/4+[51: +cosx]g/2 ( 313 +2) TS
:1—(—%—’;—2)—&—%—1:;—2%2—#%—2
x:—% ! y=sX
y=sinx
0 : n A= o= (e 7 (8= ) = (o)
A x=1 = 0 a:da:+f3 (——x+8)d
= [32%] + [-32" + 8a]
=(6—0)+ (24— 18) =12
M x=3y 3
27. sinz = cos2z = 1 — 2sin’z <
2sin’z +sinz —1=0 & 0 7x+3y:22
(2sinz — 1) (sinz +1) =0 & sinz=Zor—1 & /
=1
. /4, . x+y=0"
f (cos 2z — sinx) d:c—&—fﬂm (sinz — cos 2z) dx (6, —6)
[l / Tl /4
f[ sm2x+cos:c} [2s1n2x—|—cosx}7r/6 31, A:fll‘xmf(zf:ﬁﬂdx
(% _) 1_1<%+§)+<%'§+§) _f (x—2° —2v1—2?)da
:%(3\/__‘/_ ) —|—f01 (x\/l—x2—x+1:3)d1:

y =cos 2x

|
gl
=

yl 2[01 (zv1— 22 — z +2°) dz (by symmetry)

7
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was ) () aem o]

=(2+3)-(nl1+1)=mIn2-
y

= =

™
e

4 \
oo 1 |2 x
! 2
33. A=2 dx:[4tan by —
o \z2+1
_ T 2 __ 2
=4-3-5=7-3
N
) __ 2
y_x2+1
‘y:xz
-1 0 1 ¢

A= [0 (2° - 5%)da+ [, (5" —2)dx
[z_i]° +[5" _zr
In2 Ind5]_; In5 In2],

S L) (i21s

" \In2 In5 In2 In5
(A1
1n5 n2 In5 In2

16

" 5In5 2ln2
—1 0 1 X
35 A fol ( - e”) dr = [%egm — eﬂ(l)

dx

. 2
sinx — —x
m

/2 D)
2/ (sinm——m) d:c+/
0 ™ T

e 2] [
= |—cosx — — + | =+
s T

. |
0

i 2
(;x — sin x) dx
/2

s

COS ZI':|
/2

38. Letf(x):\/l+a:3—(l—a:),Ax: =
A = [\/1+x3 1735} 7
0

Q
=

39. Let f (z) =z — ztanz, and Az = # ==

A = foﬂ/4 (z — ztanz) dr

~ L (E)+F(B)+F(5%
[% (1 —tanJ5) + 35 (1 — tan

[un

&l

Jrg_g (17tan 32) +
= 3 [16
~ 0.1267

3
— 3tan 53

5)+1(%)]
%)
5 (1—tan 3]

5m 7
— 5tan3—2 — 7tan§]
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40.

41.

42

—0.1

075
From the graph, we see that the curves intersect at x = 0 and

atz & 1.19, with 1 + 3z — 22°> > v/1+ 2% on
(0,1.19). So, using the Midpoint Rule with
f(x) =143z —22* — /1 +z%o0n [0,1.19] with n = 4,
we calculate the approximate area between the curves:
A =~ f119(1+3x—2x2—\/1+$4)dx
1.19 1.19 3-1.19
=2 (50 + 1 (5%0)

1 (352) 4 1 (1519)] ~ 083

-0.25
From the graph, we see that the curves intersect at x = 0 and

atz ~ 1.5, with sin (z*) > > — z on (0,1.51). So, using
the Midpoint Rule with f (z) = sin (2*) — 2® + z on
(0,1.51) with n = 4, we calculate that the area between the

curves is

A [ [sin (2%) = (2 —2)] do

~ B [f (A2 4+ £ (232)
1 (E55) 4 1 (152)] ~ 081

@ A= [T} [(2z+4)+v—dz]dz+ [°, 2v/~dz dx
= [x2+4x] +2f \/f_mdx+4f V—zdx
=(-3-0) +2f1 \/ﬂdu+4f0\/ﬂdu (u=—x)

1
o 1] ]

=-3+2+5=9
®A=[? -5 - (Gy-2)]dy
=&y -’ +2)7,
—(§-4-8) =9

SECTION 7.1 AREAS BETWEEN CURVES

= 5-4+2(8/8-2v2) =1

® A= [ ((7-6y)—[2(y—2)" ~1]) dy
=Jo (-2 +29) dy = [-39° + 4],
=-5+1=3

L x+1=2(y—2)?

(=1.2)

\1' (1,1 x+6y=7
O\\(Z’O)

M A= [} (80— Sa) dot [ [(<30+2) — 3o do

3 [adot [{(-Bo+ B)do
— 2 (3], - B (3" - 0]}
—3-g(-s-

45. A = ffz [(—2z+2) — (—4z — 3)] d=
+ o (=324 %) = (2 -3)] da
=2, [Ba+ Wym+ﬁﬂ—$x+$ym
[ (32%) + %]’ + [-32° + P
20-2)+F(0+2)
(25 0) +

Il
"-"m

\IICI!

30 (5-0) = 25
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46.
-0.8
From the graph, we see that the curves intersect at
z ~ —0.72 and at x ~ 1.22, with /= + 1 > 22 on
[—0.72,1.22]. So the area between the curves is
o rl22 2
A~ [0 (Ve+1—2%)da
1.22
_ 2 3/2 1.3
= |3(z+1 — 3T }
[3 ( ) 3% 1 o2
~ 1.38
47. 2
y = xsin(x?)
-0.9 : y_:)y J1.3
-12

From the graph, we see that the curves intersect at
z ~ —0.83 and z ~ 1.22, with zsin (2*) > z* — 1 on
[—0.83,1.22]. So the area between the curves is

A~ 175 [esin (a%) = (2" = 1)] da

1.22
—0.83

Q

[~4oos (o%) — 4"+ ]

1.78

Q

48. A typical graphing calculator solution is as follows. Assign
X2 to Y1 (y1 = %) and Exp (-X"2) to Y2 (y2 = e_z2).
Graph the functions and find (and store) the z-coordinates of
the points of intersection. In this case, we have some
symmetry, so we need to find only one point of intersection.
Store z ~ 0.75308916 in memory location B. Now use the
appropriate integration command to approximate the area:

A = 2f0B(y2—y1)dLE
= 2*Int(Y2-Y1,X,0,B)

~ 0.979263
y=x '
y=e ¥2 1

(0.7531,0.5671)




