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1.2

SECTION 1.2 A CATALOG OF ESSENTIAL FUNCTIONS =

A CATALOG OF ESSENTIAL FUNCTIONS

B Click here for answers.

1-2 = Match each equation with its graph. Explain your choices.
(Don’t use a computer or graphing calculator.)

. (@) y=xb (b) y = logsx (c) y=2 +sin2x

y

h
; %
2. (@) y=x’ b) y="1"
() y=—1/x @ y=4x-2
y
g
F
“ f
1+ K
0 ; X

3-18 = Graph each function, not by plotting points, but by starting
with the graph of one of the standard functions given in Section 1.2,
and then applying the appropriate transformations.

3.y=—1/x 4, y=2 —cosx

5. y = tan2x 6. y=1x+2

7. y = cos(x/2) 8. y=x>+2x+3
1 .

9. y= 10. y = —2sin 7x
x—3

T L ul 12. y=2+

.y=—sin|x - — Ly =

Y73 6 Y X+ 1

13. y=1+2x — x2 4. y=13J/x+4-3

15. y=2—Jx + 1 6. y=(x—17°+2

17. y = || x| — 1] 18. y = |cos x|

19-25 = Find the functions f° g, g °f, fof, and g ° g and their
domains.

19. f(x) =Vx— 1, g(x)=x?

B Click here for solutions.

20. f(x) = I/x, ¢g(x) =x> + 2x
2 ) = g = 2
22. f(x) =V/x2—1, glx) =41 —x

23, f(x) =x, glx)=1—-x

T e i et
25. f(x) = % g(x) = x? — 4x

26-29 = Find fogo h.

26. f(x) =x—1, gx)=+x, hx)=x-1
27, f(x) = % g(x) = X, h(x) = x* + 2

28. f(x)=x"+1, glx) =x—35, h(x)=+x

s hix) =x

29. () =V g0)=—"

30-31 = Express the function in the form fo g.

30. F(x) = (x — 9)° 31. u(r) = tan 7t

32. Suppose we are given the graphs of fand g, as in the figure,
and we want to find the point on the graph of 4 = f o g that
corresponds to x = a. We start at the point (@, 0) and draw a
vertical line that intersects the graph of g at the point P. Then
we draw a horizontal line from P to the point Q on the line
y=x.

(a) What are the coordinates of P and of Q?

(b) If we now draw a vertical line from Q to the point R on the
graph of f, what are the coordinates of R?

(c) If we now draw a horizontal line from R to the point S on
the line x = a, show that S lies on the graph of A.

(d) By carrying out the construction of the path PORS for sev-
eral values of a, sketch the graph of /.

Y
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33. If fis the function whose graph is shown, use the method
of Problem 32 to sketch the graph of fo f. Start by using the
construction for a = 0, 0.5, 1, 1.5, and 2. Sketch a rough
graph for 0 =< x < 2. Then use the result of Exercise 66 in
Section 1.2 to complete the graph.

y
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1.2 | ANSWERS

SECTION 1.2 A CATALOG OF ESSENTIAL FUNCTIONS

3

A Click here for exercises.

l.aag O () f
220G MF (©g @ Ff

3.

B Click here for solutions.

19. (fog)(x) =f(x*) = vx? — 1, (=, =1] U [1, ®)
(gef)x) =x—1,[1,%)

(fof)) =VWa— 1 - 1,[2,%)

(gog9)x) =x* (==, %)

20. (fog)(x) = 1/(x* + 2x), {x|x # 0}

(gof)x) =1/x* + 2/x, {x|x # 0}

(fof)x) = x, {x|x # 0}

(gog)(x) =x° + 6x" + 12x° + 10x° + 4x, (—o0, )
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21, (fo ) = —— fx|x = —1)

(geof)x) = _x,{x|x#0,1}

(FoNW) = 5= trlx # 1,2}
(92900 =~ x| x %0, -1}

22. (fog)(x) = J—Tc( , 0]

(6o 1)) = VT = =T, [=va, —1] U [1, 2]
(fof)x) = J =2, (=, 2] U [V2, )
(99 = V1 - VI—x[0.1]

23, (foq)) = 1= vx. [0.%)

(gof)x) =1 — Yx,[0,»)
(fof)(x) = x, (—o, )
(gog)) =1—+1—x[0,1]

3 — 4 .
3 _2,{x|x#2,3}

24. (fog)lx) =

-2
m ,{x\x#o, —%}

(o = 2502

(gof)x) =

e =5 =

(9290 = = lrlr=2.4)

25. (fe° 9)(X) 1/x/x2 = 4x, (=%,0) U (4, »)
(gof)x) =—~— T (0, )

(fef)x) = xl/“, (0, )
(geg)x) = x* — 8x3 + 12x2 + 16x, (—o, )

26.
27.
28.

29.

30.

31
32.

(d)

33.

(foge h)() e 1-1
(fogom(x) = 1/(x* + 2)°
(foge h)(x)—(f 5)+ 1
3 Jx
(foge ) = \[72

g) =x =9, f(x) = x°

g(t) = e, f(r) = tan ¢
(a) P(a, g(a)), O(g(a), g(a))

4 |y = flglv)

(b) (g(a). f(g(a)))

y=x
y = fif(x))

L5
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A Click here for exercises.

1. (a) The graph of 5y = =® must be the graph labelled g,
because g is the graph of a power function of even degree,
as shown in Figure 7.

(b) The graph of y = logg x must be the graph labelled h,
because h is a graph similar to the graphs of logarithmic
functions shown in Figure 14.

(c) The graph of y = 2 + sin 2z must be the graph labelled
f,because f is the graph of a periodic function.

2. (a) The graph of y = 2 must be the graph labelled G,
because G passes through the origin.

(b) The graph of y = 7* must be the graph labelled F’,
because F' appears to be an exponential function with
y-intercept 1, increasing, and horizontal asymptote
y=0.

(c) The graph of y = —1/x must be the graph labelled g,
because g has a vertical asymptote at z = 0.

(d) The graph of y = /= — 2 must be the graph labelled f,
because f has domain [2, c0).

3. y = —1/x: Start with the graph of y = 1/x and reflect about

the x-axis.
y y
1 1
yY=x y=-%
ﬁ 0 x 0 f,\-

4. y = 2 — cos z: Start with the graph of y = cos «, reflect

about the z-axis, and then shift 2 units upward.
y

y=cosx

y = —cosx

NNV N

y=2-—cosx
0 x

5. y = tan 2x: Start with the graph of y = tan x and compress
horizontally by a factor of 2.

y YAy =tan2x

!

0 }X

y=tanx

6. y = /x + 2: Start with the graph of y = ¥/z and shift
2 units to the left.

7. y = cos (x/2): Start with the graph of y = cos = and stretch
: y =cosx

horizontally by a factor of 2.
y y ,
)’:C()S(%>
VERVAIRVERCNA N

g.y=2+20+3= (2" +20+1)+2=(z+1)" +2
Start with the graph of y = 22, shift 1 unit left, and then shift

2 units upward.
y y

v =x> y=@+1)7?

"%_y=(x+1)2+2

_‘l 0 X

9.y = x—i3: Start with the graph of y = 1/x and shift 3 units
to the right.

y=

==
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10. y = —2 sin 7 Start with the graph of y = sin , compress ’ T

horizontally by a factor of , stretch vertically by a factor of ol/7 %
2. and then reflect about the x-axis.

y

y=sinx

y 14. y = 5+/x + 4 — 3: Start with the graph of y = /z, shift
y = sin wx 4 units to the left and compress vertically by a factor of 2,

%%%%%% and then shift 3 units downward.

1. y =5 sin (z — &): Start with the graph of y = sin z, shift

% units to the right, and then compress vertically by a factor

y = sinx ¥ y—smx—f

/
/\ / /\ /\ / 15. y = 2 — /= + 1: Start with the graph of y = /7, reflect

\A 0 qrv \X \/ about the z-axis, shift 1 unit to the left, and then shift 2 units
upward.

1 . . .
1.y =2+ Pk Start with the graph of y = 1/, shift 1 unit

left, and then shift 2 units upward.
y

16. y = (x — 1) + 2: Start with the graph of y = a*, shift

y 1 unit to the right, and then shift 2 units upward.
1 7 Y
\ y=2+ x+1
(=12)1 ™
N y=x ve -1y
T

I3.y:1+2x—x2:—x2+2x+1:
— (2 =22+ 1) + 1+ 1= — (z — 1)> +2: Start with the

graph of y = 2, shift 1 unit right, reflect about the z-axis,
and then shift 2 units upward. y=@x-17"+2
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17. y = ||z| — 1|: Start with the graph of y = |z, shift 1 unit
downward, and then reflect the part of the graph from

x — —1to z = 1 about the z-axis.

=l !

y=Ixl -1

18. y = |cos x|: Start with the graph of y = cos x and reflect the
parts of the graph that lie below the z-axis about the z-axis.

y v
I y=cos.x V\/I y=|cos x|

(l‘ x (l‘ X

19. f(z) =vz—1,D =[1,00), g(x) =2, D =R.
(fog)(x) = f(g(x) = f (2*) = Va? =1,
D={zeR|g(z)€[l,00)} = (—o0,—1] U1, 00).
(9o f)(x) =g(f(2) =g (Vz—1)

= (V=1 =2—1.D = [1,00).
(JoN@=J(f(@)=/(Vr-1)=VVo-1-1,
D={xe[l,00) |V —1>1} =[2,00).

(gog)(x) =g(9(x)) =g (2?) = (+*)* =2*. D =R

2. f(x) =1/x,D ={zx |z #0}; g(x) =2® +22,D =R
(fog)(x)=f(9(2) = f(2° +22) =1/ (¢* + 22),
D={x|z’+2x#0} ={x|z#0}.

(g0 f) (@) =g(f(2) =g(1/x) =1/a® +2/z,
D = {z |z #£0}.
(Fo @) =F (@) =10/0) =g ==
D ={x]|x#£0}
(909) () =g(g(x)) =g (z° + 22)
= (x3—|—2x)3—|—2(x3—|—2x)
= 2% + 627 + 122° + 102° + 42, D = R.

D={z|z# -1}
(fog)(:v):f(zer (i—:‘l)l

=2\t a1
T \z+1 o 2 7

D ={z|x# -1}

SECTION 1.2 A CATALOG OF ESSENTIAL FUNCTIONS = 7

. o 1 1(xz-1)—-1 2-=
(gof)(x)ig(x—l) (- +1 =z
D ={z|z+#0,1}.

(fof)(x):f(xil) - T -
D ={z|z#1,2}
e -(250) BNt
D={x|x#£0,-1}.
2. f(z) = V22 -1, D = (—o00, —1] U [1, c0);
9(z) =v1-2,D=(~00,1].
(fog)(x) = f(g(x) = f(VI—x)

v

To find the domain of (f o g) («), we must find the values of

z that are in the domain of g such that g (x)
is in the domain of f. In symbols, we have

D ={z € (—00,1] | V1—2 € (—00,—1] U[1,00)}.
First, we concentrate on the requirement that

V1 =2z € (=00, —1] U1, 00). Because /1 —z > 0,
VI—zisnotin (—oo, —1]. If /T — z isin [1, co0), then we
musthave vVI—2z>1 = 1—-z>1 = 2<0.
Combining the restrictions z < 0 and = € (—oo0, 1], we
obtain D = (—o0,0].

(90f) (@) =g (f (@) =g (VaT=T) =/I—vVaZ — 1,
D ={x € (—o0,—1]U[1,00) | V22 —1 € (—00,1]}.
Nowvz2 —1<1 = 22-1<1 = 22<2 =
lz| < V2 = —v/2 <z < /2. Combining this
restriction with € (—oo0, —1] U [1, c0), we obtain
D = [-v2,-1] U [1,v2].
(fo)(@) =1 (f(2)=f(va®—1)
W) -1 Ve,

D ={z € (—o0,-1]U[1,00) |

Va2 —1 € (—oo,—1] U[1,00)}.
Nowv/22 —1>1 = 22-1>1 = 22>2 =
|z| > V2 = z>+Rora < —+2. Combining this
restriction with € (—oo0, —1] U [1, c0), we obtain
D= (—oo,—\/ﬂ U [\/5, oo)
(9o9) (@) =g(9(x) =g (VI—2) =V/1-VI—=,
D ={z e (—00,1] | V1—z € (—00,1]}. Now
Vi—z<1 = 1-—2<1 = z>0.Combining this
restriction with « € (—oo0, 1], we obtain D = [0, 1].
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8. f(z)= 2. D=R, g(z) =1—+/x, D =10,00).
(fog)(x)=f(9(x)=f(1—Vz)= 1=z,
D =[0,00). (go f)(x) =g (f

= [0, 00).
(fof) (@) =f(f@)=f(Jz)=a"".D =R
(909) () =g(9(z) =g(1—Vzx)=1-/1-/,

D={x>0]|1-+z>0}=[0,1

24.f‘(z):iii,l):{xlm#—%};g(x):fo,
D=A{x|x#2}
(fog)(z)=f(g(x)
e Yz (x=2)+2
(s —2)*2x/(x—2>+1
~ g D={rle 23}

(go ) (@) =g (f (fﬂ))
_ (z+2)7 (x+2)/(2z+1)
(

IN2r1) @+2)/Crt1)—
:_sz D={z|x#0,-1}.
(fo ) (@) =f(f(x)

7f(x+2) (2 +2)/(xe+1)+2
2e+1) 2(x+2)/(2rx+1)+1

5x+4 1 s
(gog) (z) =g(g(x))
B T z/(x—-2)
7g(x—2)7x/(x—2)—2
:4f |z #£ 2,4},
25. f(z) =1A/x,D = (0,00); g (v) = 2° — 4w, D =R,

(fog)(x) = f(9(2) = I (w - dz) =1 NVa? — 4z,
D ={z| 2’ -4z > 0} = (—00,0) U (4, 00).

Vo) — () — o) 14
won@ =) =o(5) =17

D = (0, 0).

ron@ =7 =r () = o=z — ="

Wz
D = (0,00).

(g09) (@) =g (g(x)) = g (¢* — 4x)
— (x2 —4:5)2 — 4(:£2 —4:E)
=z —82° +122% + 162, D = R.

2. (fogoh)(z) = f(g(h(x))=f(g(x—1))
=f(Ve—1)=yvz-1-1
7. (fogoh)(x) = (g(h(2) = [ (g9(2* +2))

(z+2 )—1/x+2

(#) = 9 (Y3) = 1—a/°

28.

29.

30.

31

32.

33.

(fegoh)(z) = f(g(h(x) = f(9(Vx))
—F(E-5) = (\/5—5) 1
(fegoh)(z) = f(g(h(x) = f(g(Vz))
:f(%f—l): ey
Letg(x) =z —9and f (x) = 2°. Then
(fog)(z) = (x—9)" = F ().
Let g (t) = wt and f (t) = tant. Then

(fog)(t) =tannt = u(t).

(@) P = (a,g(a))and Q = (g (a) , g (a)) because @ has the
same y-value as P and it is on the line y = x.

(b) The z-value of Q is ¢ (a); this is also the z-value of R.
The y-value of R is therefore f (z-value), that is,
/(g (a)). Hence, R = (g (a), f (9 (a)))-

(c) The coordinates of .S are (a, f (g (a))) or, equivalently,

(@, h (a)).

(d) Y £ it v = flgtv)
,f/ i
Sif h g
R ?
§Q F
0| X, X, a4 X3 X, X

We need to plot points only for the first quadrant since we can
see that f is an odd function, and we then know that f o f is
an odd function, and hence, symmetric with respect to the
origin.

x 0/05| 1 |15
I (=) 0| 1 | 15|14
F(f(@) |0 15]| 14|15

I
=

y £y
y=flfte)

005 1 15 «x






