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SECTION 1.5 CONTINUITY = |

1.5 | CONTINUITY

I Click here for answers. I Click here for solutions.
I. (@) F.rom tl}e graph of f, state the numbers at which f'is 11-16 = Explain why the function is discontinuous at the given
discontinuous and explain why. number a. Sketch the graph of the function.
(b) For each of the numbers stated in part (a), determine |
whether f is continuous from the right, or from the left, 1. f(x) = — 5 a=1
or neither. ( 1)
Y 1
. —— ifx#1
/ 12. f(x) = x—1p 7 a=1
0 if x=1
x2—1
/. 13. f(x) = a=—1
AN RN EAE R
if x# —1
4. fo)={x+1 7 a=—1
if x=-—1
x —2x—8
if x #4 _
2. From the graph of g, state the intervals on which g is I5. f(x) = a=4
continuous. if x=4
1 if x=<2
16. =2
fo = {x 2x it x>2 “

17-25 = Use Theorems 4, 5, and 8 to show that the function is
continuous on its domain. State the domain.

17. fx) = (x+ D(x*+8x+9)

x*+ 17 1
18. G(x) m 19. H(x) = \/m

20. f(1) = 2t + /25 — 12 21, h(x) = Yx — 1(x* — 2)

3-6 = Use the definition of continuity and the properties of limits
to show that the function is continuous at the given number.

3. f()=x"—5x+6, a=3 22. g(l)=m 23. F(r) = (> + 1+ 1)
4, f(x) = x>+ (x — 1)9 a=2
-2
5. f(x)—1+vx2 a=>5 24. H(x) = )SC+ 25. L(x) = |x* — x|
X
6. 9N =—1— 4= -3
g( ) (l + 1)4 “ | | |} L} L] u |} |} L] u | | |}
n n L] L} n n n L} L] n n 26. Let
7-10 = Use the definition of continuity and the properties of limits fl) = x— 1 forx<3
to show the function is continuous on the given interval. 5—x forx=3
7. fx)=x+x— 1, [, Show that f is continuous on (—%, ).
8 fx) =(x*—1)° (%) 27-31 = Find the numbers at which f is discontinuous. At which
9. f(x) =x \/m’ [—4, 4] of ‘these numbers is f continuous from the right, from the left, or
neither? Sketch the graph of f.
x+1
10. F(x)=x_3, (=00, 3) 2x+ 1 ifx<—1
27. f(x) =< 3x if —1<x<1
L] n L] L} L] n n n L] n n

2x—1 ifx=1
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(x—1)
(x+ 1)

if x <0
if x=0

28. f(x) = {

1/x if x<—1
29. f(x) =4x if —1sx<1
1/x* ifx>1

V—x if x <0

30. f(x) =11 ifo<x=<1
Jxooifx>1
31, f(x) = [2«]

32. If your monthly salary is now $3200 and you are guaranteed a
3% raise every 6 months, then your monthly salary is given by

S(1) = 3200(1.03)/°

where ¢ is measured in months. Sketch a graph of your salary
function for 0 < ¢ < 24 and discuss its continuity.

33. Find the values of ¢ and d that make 4 continuous on R.

2x if x <1
hx) =<cx*+d iflsx=<2
4x if x>2

34. If g(x) = x> — 2x° + x? + 2, show that there is a number ¢
such that g(c) = —1.

35-38 = Use the Intermediate Value Theorem to show that there is
a root of the given equation in the specified interval.

35. x*=3x+1=0, (0,1)
36. x> —2x*—x—-3=0, (2,3)
37. X+ 2x=x*+1, (0,1)

38. x>=Jx+ 1, (1,2
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3

A Click here for exercises.

I. (@) —5 (jump), —3 (infinite), —1 (undefined), 3 (removable),

5 (infinite), 8 (jump), 10 (undefined)

(b) —5, left; —3, left; —1, neither; 3, neither; 5, neither; 8, right;

10, neither

2. [—6, =5], (=5, =3), (=3, —2], (=2, 1), (1, 3), [3, 5], (5, 7]

11. f(1) undefined

12. 1in} f(x) does not exist

13. f(—1) is not defined
y

I5. lim f(x) # f(4)

Y

1. R 18 {x|x = 1,1}

14. lim f(x) # f(~1)

y

6

7

16. 1111% f(x) does not exist

y

19. (=1, %) 20. [—5,5]

2L R 22, (-, —2]U[2,%)  23.

24. (—o, =5) U [2, ) 25. R
27. —1, continuous from the left;

1, continuous from the right

R

B Click here for solutions.

28. 0, continuous from the right y

29. Continuous at all points

30. 0O, neither y

31. {n/2|n an integer},
continuous from the right

32. Discontinuous at t = 6, 12, 8, 24;
continuous from the right at r = 6, 12, 18

s
4000

L]

0

| omm———]
*—0
3000
0 6 12 18 % !

33.c=2,d=0
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1.5 | SOLUTIONS

A Click here for exercises.

9. For —4 < a < 4 we have

1. (a) The following are the numbers at which f is lim £ (2) — lim z \/ﬂ
1m = 1lmm —
discontinuous and the type of discontinuity at that z—a z—a
number: —5 (jump), —3 (infinite), —1 (undefined), = lim «  /lim 16 — lim 2

T—a x—a r—a

= ay/16 —a? = f(a)

3 (removable), 5 (infinite), 8 (jump), 10 (undefined).

(b) f is continuous from the left at —5 and —3, and

continuous from the right at 8. It is continuous from so f is continuous on (—4,4). Similarly, we get
neither side at —1, 3, 5, and 10. xlifg J(x) =0= f(4)and . hfj}ﬁ F(x) =0=f(-4),
2. g is continuous on [—6, —5], (=5, —3), (=3, —2], (=2, 1), so f is continuous from the left at 4 and from the right at —4.
(1,3),3,5],and (5, 7). Thus, f is continuous on [—4, 4].
3. lim (2% — 52" +6) = lim 2* — 5 lim 2° + lim 6 10. Fora < 3,
limz+ lim 1
_ a4 3 _ _
A A =3'"-5(3%)+6=-48=f(3) HmF(x):hmerl:x.ﬁa za
Thus f is continuous at 3. z—a z—ax —3 }13% T — }111% 3
4. ;Lr%f'(x):;ig[x2+(x—l)g] :“+1:F(a)
. 2 . . 9 a—3
- ilin ot (alclinz v ilinz 1) so F' is continuous on (—oo, 3).
=224+ (2-1)"=5=/(2) . [ o
Thus f is continuous at 2. 1. f(z) = —m is discontinuous at 1 since f (1) is not
5. lim f (2) = lim (1+ V22 -9) defined.
T — T — y
=lim1+  /limz2—1lim9 [ ‘
x—b x—b x—5 0

=14++/52-9=5=f(5) 1‘ X

Thus f is continuous at 5.

5 3/ 1ir£1 t
6. tlimsg (t) = lim Vi i~

s 1) 4
( + ) (tlirg8t+ 1)

r—1

12. lim f (z) = lim —% does not exist. Therefore f
z—1 (,Z' — 1)

is discontinuous at 1.

v/—38 2
= =— —=g(-8
(-8 +1)* 2401 9(=8)
Thus g is continuous at —8.
7. For a > 1 we have
lim f (z) = lim (z+ Vz —1)
= lmz+,/limxz—lim1 21
e e e 13 f(x) = 7 is discontinuous at —1 because f (—1) is
=a++va—1=f(a
) ) o (@) ) not defined.
so f is continuous on (1, c0). A similar calculation shows y
that lim+ f(x) =1= f(1),so f is continuous from the
r—1
right at 1. Thus f is continuous on [1, co). 10 x

8. For any a € R we have

lim f(2) = lim (2* —1)" = (lim 2* - lim 1)8

T—a T—a T—a

= (a*=1)"=f(a)

Thus f is continuous on (—oo, co).
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2 p—
14. Since f (z) = z n 11
x

for x # —1, we have

2

PPN -1 B

f(=1)=6,s0 1ir£11 f(z) # f(—1). Therefore, f is

discontinuous at —1.

2 p— p—
15. Since f (z) = iﬂlg iz #4,

2
. .ot —=2x—8
i fe) =

— hmw = lim (z +2)
x—4 r—4 x—4
=4+2=6

But f (4) = 3, s0 iiﬂ f(z) # f(4). Therefore, fis
discontinuous at 4.
ot
4l
/|
PZ I T IR

16. lim f(z)= lim (1—2)=1-2=—1and
r—27 T —27
. . . 2 _ 2 _ :
mllrgl+ fx)= mllrgl+ (z* —2z) = (2)° —2(2) = 0. Since
lim f(z) # lim+ f(z), lin% f (z) does not exist and
r—27 T—2 T —

therefore f is discontinuous at 2 [by Note 2 after
Definition 1].

0 ‘ i\z X

17. f(x) = (z+ 1) (z° + 8z + 9) is a polynomial, so by
Theorem 5 it is continuous on R.

2t 417
r)=—-"7—
622 +x—1
Theorem 5 it is continuous on its domain, which is

{z|Br—1)2z+1)#£0} ={z |z #—3,5}.

18. G( is a rational function, so by

19.

20.

21.

22.

23.

24.

25.

SECTION 1.5 CONTINUITY = 5

g (x) = x + 1, a polynomial, is continuous (by Theorem 5)
and f (x) = /z is continuous on [0, co) by Theorem 8, so
f (g (x)) = vz + 1 is continuous on [—1, co) by
Theorem 8. By Theorem 4 #5, H (z) = 1/y/x + 1 is

continuous on (—1, o).

G (t) = 25 — 2 is a polynomial, so it is continuous
(Theorem 5). F' (z) = +/z is continuous by Theorem 8.

So, by Theorem 8, F (G (t)) = /25 — 2 is

continuous on its domain, which is

{t|25—¢*>0} ={t||t|] <5} =[-5,5]. Also,

2t 1s continuous on R, so by Theorem 4 #1,

f(t) = 2t + /25 — 2 is continuous on its domain, which is
[—5,5].

g(x) =z —1and G (z) = 2* — 2 are both polynomials,
so by Theorem 5 they are continuous. Also

f () = ¥z is continuous by Theorem 8, so

f (g (z)) = ¥/ —1 is continuous on R. Thus the product
h(z) = {/x —1 (x* —2) is continuous on R by
Theorem 4 #4.

G (t) = t* — 4 is continuous since it is a polynomial
(Theorem 5). F'(z) = 1/ is continuous by Theorem 6. So,
by Theorem 8, F' (G (t)) = v/t — 4 is continuous on its
domain, whichis D = {¢t [ t* —4 >0} = {t | |¢| > 2}.
Also t is continuous so ¢ + v/t2 — 4 is continuous on

D by Theorem 4 #1. Thus by Theorem 4 #5,

g (t) = 1/(t + /12 — 4) is continuous on its domain, which
is{te D|t+ 1> —4#0}. Butift + 1> — 4 = 0, then
VE—d=—t = ?—4=1> = —4=0

which is false. So the domain of g is

{teD||t| > 2} = (—o0,—2]U[2,00).

Since the discriminant of t2 + ¢ + 1 is negative, t2 + ¢ + 1 is
always positive. So the domain of F' (¢) is R. By Theorem 5
the polynomial (¢ + ¢ + 1)3 is continuous. By Theorems 6

and 8 the composition F' (t) = 4/ (t2 +t + 1) is continuous

on R.

H(z) = \/m The domain is
{z](x—-2)/(5+2z)>0}=(—0c0,—5)U|[2,00) by the
methods of Review of Algebra. By Theorem 5 the rational
function (z — 2) / (5 4 «) is continuous. Since the square root
function is continuous (Theorem 6), the composition

H (z) = y/(z — 2) / (5 + z) is continuous on its domain

by Theorem 8.

g (r) = 2® —  is continuous on R since it is a polynomial
[Theorem 5(a)], and f (z) = |z| is continuous on R. So

L (z) = |#* — | is continuous on R by Theorem 8.
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26.

27.

28.

f 1is continuous on (—oo, 3) and (3, co) since
on each of these intervals it is a polynomial.
Also mlir?+ f(z) = mllr?+ (5—2) =2and

lim f(z)= lim (x—1)=2,s0 lin% f (z) = 2. Since
r—37 r—37 T —

f(3) =5—3=2, fisalso continuous at 3. Thus, f is

continuous on (—oo, 00).

f is continuous on (—oo0, —1), (—1, 1) and (1, co) since on
each of these intervals it is a polynomial. Now
lim f(z) = lim (224 1) = —1and
r——1"

r——1"

lirn+ f(z)= lim+ 3z = —3, so f is discontinuous at
r——1 1

—1. Since f(—1) = —1, f is continuous from the left at
—1. Also lim f(z) = lim 3z = 3 and

xz—1" x—1"

lim+ f(z)= lim+ (2¢ — 1) =1, so f is discontinuous at
r—1 r—1

1. Since f (1) =1, f is continuous from the right at 1.
.\'
3,,

f 1is continuous on (—oo, 0) and (0, co) since
on each of these intervals it is a polynomial.
Now lim f(z) = lim (z— 1)® = —1and

lim f(z) = lim (z+1)® = 1. Thus, lim f (z) does not
z—0t z—0t z—0
exist, so f is discontinuous at 0. Since f (0) =1, f is
continuous from the right at 0.

¥
1 1/

29.

30.

31

32.

f 1is continuous on (—oo, — 1), (—1,1) and (1, c0).

Now lim f(z)= lim l:—1and
- x

r——1 r——1"
lim f(z)= lim == -1,s0
z——1T r——1
lim1 f(z) =—1= f(—1) and f is continuous at

—1. Also lim f(z)= lim = =1and
x—1" x—1"
. . . 1 . o,
xllr?+f (x) = xlgﬁ i 1, so iLr%f (z)=1=f(1)and

f 1s continuous at 1. Thus f has no discontinuities.
y

0

— i -

f 1is continuous on (—o0,0), (0, 1) and (1, c0). Since f is
not defined at x = 0, f is continuous neither from the right
nor the left at 0. Also lim f(z) = lim 1=1and
x—1" x—1—"
lim f(z) = lim v/z =150 lim f(2) = 1= f (1) and
x—1 x—1 z—

f 1s continuous at 1.

f (z) = [2z] is continuous except when 2z = n <
[22] =n — 1 and

x = n/2, nan integer. In fact, lim

n/2

lim . [2z] = n = f (n), so f is continuous only from the

z—n/2

right at n/2.

The salary function has discontinuities at t = 6, 12, 18, and
24, but is continuous from the right at 6, 12, and 18.

N
4000
| ——] 8
&0
3000




Copyright © 2013, Cengage Learning. All rights reserved

33.

34.

35.

36.

37.

38.

The functions 2z, ez + d and 4z are continuous on their
own domains, so the only possible problems occur at x = 1
and x = 2. The left- and right-hand limits at these points
must be the same in order for ;Enl h (z) and ;linz h (z) to

exist. So we must have 2 -1 = ¢ (1)* + d and

¢(2)? +d = 4 - 2. From the first of these equations we get

d = 2 — c¢. Substituting this into the second, we get

4+ (2—¢) =8 < c=2. Back-substituting into the
first to get d, we find that d = 0.

g (x) = 2° — 22° 4 2% 4 2 is continuous on [—2, —1] and
g(—2) =—-10,g (—1) = 4. Since —10 < —1 < 4, there is
anumber ¢ in (—2, — 1) such that g (¢) = —1 by the
Intermediate Value Theorem.

f(z) = 2* — 3z + 1 is continuous on [0, 1] and f (0) = 1,
/(1) = —1. Since —1 < 0 < 1, there is a number c in (0, 1)
such that f (c) = 0 by the Intermediate Value Theorem. Thus
there is a root of the equation 2> — 3z + 1 = 0 in the interval
(0,1).

f (x) = 2° — 22" — 2 — 3 is continuous on [2, 3] and

f(2) = -5, f(3) =175. Since —5 < 0 < 75, there is a
number c in (2, 3) such that f (c¢) = 0 by the Intermediate
Value Theorem. Thus there is a root of the equation

x° — 22" — x — 3 = 0 in the interval (2, 3).
f(x):x3+2x— (x2+1) — 2%+ — 22 —1is
continuous on [0, 1] and f (0) = —1, f (1) = 1. Since

—1 < 0 < 1, there is a number ¢ in (0, 1) such that f (¢) =0
by the Intermediate Value Theorem. Thus there is a root of
the equation > 4 2z — 22 — 1 = 0, or equivalently,

x® + 2z = 2 4 1, in the interval (0, 1).

f(x) = 2* — v/x + 1 is continuous on [1, 2]

and f (1) =1 —+/2, f(2) = 4 — /3. Since

1 —+/2 < 0 < 4 —+/3, there is a number ¢ in (1,2) such
that f (¢) = 0 by the Intermediate Value Theorem. Thus
there is a root of the equation 2> — \/z + 1 = 0, or

x? = \/x + 1, in the interval (1,2).
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