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2.6 | IMPLICIT DIFFERENTIATION

SECTION 2.6 IMPLICIT DIFFERENTIATION =

B Click here for answers.

1-5 =

(a) Find y'" by implicit differentiation.

(b) Solve the equation explicitly for y and differentiate to get y’ in
terms of x.

(c) Check that your solutions to parts (a) and (b) are consistent by
substituting the expression for y into your solution for part (a).

x2 y2
x> +3x+xy=35 2. —+—=1
X x + xy 5 4
5 5 1 1
3.2y +xy=x"+3 4 —+—=3
x oy
5. x2+xy—y*=3
6-16 = Find dy/dx by implicit differentiation.
6. y> + 3x*y? 4+ 5x* =12
7. x*+y*=16 8 —Y =+ 1
xX—y
9. x/1+y+y/1+2x=2x
10. 2xy = (x? + y?)3?2
2
" x> =—2 12. Vx+y+Jxy=26

B Click here for solutions.

14. xsiny + cos 2y = cosy

13. /1 + x%y2=2xy

I5. xcosy + ycosx =1

16. I x[ f()] + x/(x) = 6 and f(3) = 1, find f'3).
17. If [g(x)]* + 12x = x%g(x) and g(4) = 12, find g'(4).

18-21 = Find an equation of the tangent line to the curve at the
given point.

x2 yZ
18. =~ =1, (=5,2) (hyperbola)
xZ y2
19. -+ 2=, (—1,4v2) (ellipse)
20. y2 =x’(2 — x) 21, x3y2 = (y + 1)*(4 — y?)
(1,1 0, =2)
(piriform) (conchoid of Nicomedes)
y
y
0 2 X ﬁﬁ‘x
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2 = SECTION 2.6 IMPLICIT DIFFERENTIATION

2.6 | ANSWERS

A Click here for exercises.

l. (a) y = —2x +y + 3)/x
5 5
b)) y=——-x-3,y=—>7F-1
X X
, 2x
2. (a) y = ——
(b) y= +JT=2x% y = T
’ JA = 2x?
2x —y
3. "=
@ v x + 4y
(b) y= (= JOTT2E)y = -1
! ’ 4 9x2 + 24
2
, y
4 @y =—73
X
X 1
b)yy=——y =—-——
®y=5"77 Gx — 1)
2x +
5. (@) Y =5 —
y—Xx
(b) y =3(x = 5x7=12) y':i [
: ’ 2 Vax2 =12

)

B Click here for solutions.

_20x* + 6xy? X
Sy* + 6x?y Tyl
3x*+ 1 — 2xy

y 2
8. — + 2(x —
X (x = y)° or x2+2

2—J1T+y—y/1T+2x 3x(x? 4+ yH)2 — 2y

9. .
VT +2x + x/2V1 +y) 2x — 3y(x? + yH)'?
g X0t o Vo bW by o oy
’ y oV Fxxty Tox
4. : sin y . 5. ysinx — c?sy
2sin2y — x cosy — siny cosx — xsiny
16. = 17.3 18 y=-3x—4

1
I9.y=ﬁ(x+9) 20. y=x 2l. y= -2
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2.6 | SOLUTIONS

A Click here for exercises.
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L@z +3z+zy=5 = 20+3+y+ay =0 = 5@ tay—y =3 = 2wtytay -2y =0 =
, 2z +y+ 3 ;_ 2z +ty
== yiQ
x Yy —

2 _
®) 2"+ 3zt 2y =5 = (b) Use the quadratic formula: 3> —zs + (3—2°) =0 =

5—2"-3x 5 3 5 ) )
V=" T T T Y= 5~ yzi[x:l: x2—4(3—x2]:5(x:|:\/5x2—1)
2 +y+3 " o
©y =-——"— = v\ e
22 —-3—-(-3—-x+5/x) 1 i
N x a x? ©y = 2x+ y 2z + 5 (x £ v/bx? — 12)
9 2y — rEt+bx? —-12—x
T y_i Y, — 4%
2.(a) 1 1 = x+2y 0 = y " :1 14 5z
2 52 — 12
2 2
Yy T 2 2
hHhL-=1-"—- = =4 -2
®) 4 2 Y 6. y° + 3232 + 52t =12 =
= y==+V4-222 = 5yty’ + 6xy? + 62%yy’ +202° =0 =
1 2x 3 2
F— = (—4y) =F—= 20x° + 6xy
VA e ) S F o V'S T Gty
Oy -2 _2__
Ty i i—or  Ji—or 3
Y +v4—2x 4—2x L' 4yt =16 = 4® + 4%y =0 = y/:—%
L@ tay=2>+3 = dyy fytay =22z =
2r—vy Y 2
!
= L2 = 1
71 dy 8 T —y x© + =
o _ o 1_q o
(b) Use the quadratic formula: 2r = (@—yy yg y) - y2
(z-y) (z-v)

2y2+xy—(x2+3):0 =

! Yy 2
== 4+ 2(x— .
—xEx/22+8(22+3) —x++92%2+24 y x+ (=)

vy= 4 - 4 Another Method: Write the equation as
= y/zl(_ ii) y:(m—y)(szrl):x3+x—yx2—y Then
4 \/91’2+24 y/73x2+1_2xy
=T
© ' 20—y 20— 1(—x£022 +24) ot
C y ey ey
THAy - ad (ok et +21) IO 1T 2 =
1 9z 2
=i\ "1t T VI VIT2
4( \/9x2+24) Tyt ey #r y' +y' V1t x+ym
2 2—\/?—7
4.(a);16+§:3 = —x—i—y—lzy’ZO = y/:—% = y' = AR
\/1+2x+
1 1 3 1 Lty
()= =3~ —22— __
T T 3z -1 . 22 7(x2+ 2)3/2 N
L Ge-D-@E) 1 22y = (2 ty y
3z —1)° 3z —1)° 2y+2xy/:%(x2+y2)/ 2z +2yy') =
2 2\1/2
L2 22 Ba—1)? 1 y/:3x(x +v?) —123:
@y =—"5=- g R 2 — 3y (22 + y2)"
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12.

IMPLICIT DIFFERENTIATION

2yy’
(2 —1)?

v -1 2y — v ()
(y> —1)°
2
T (y2 - 1)
T

2 =

Another Method: Write the equation as x° (y* — 1) = 3.

x—ng
2y —y

This givesy' =

VEFU+ I =6 =

Tty P4y 3 y) Py tay)=0=

(Z‘+y)71/2+(m+y)71/2y/

13.

14.

15.

T (xy)71/2y+ (zy)71/2 ,Z'y/ -0
(@+y) 24 (ay) Py 2
(x+y)71/2 n (:Ey)fl/Qx

VW ryvr Tty
/XY + T+ Yy

(@9 (ay)
(z+y)"? (zy)

1/2

1+ 2292 =22y =

3 (1 +x2y2)71/2 (x2 -2y’ + y? 2x) =2(xy' +y-1)
2

2’y / 2wy /
y + =22y +2y =
24/1 + x2y? 24/1 + 2292
2 2
/ 'y xy
Y| ——— -2 | =2y — ——
(\/1+x2y2 ) V14 x2y?

[ 2Py —22\/1 + 2292 /1 + 22y? —
y = =
V14 22y? V14 22y?

Y = 2yy/1+ 2%y —ay® y(2 1+x292—$y)

x?y — 2x./1 + x?y? 2 (zy —2y/1+ x2y2)

Y

Tz
Another Method: Since 1 + z>y? is positive, we can square
both sides first and then differentiate implicitly.

rsiny + cos2y = cosy =
siny + (zcosy)y — (2sin2y)y’ = (—siny)y’ =
siny = (2sin2y)y’ — (zcosy)y' — (siny)y’ =

, siny

- 28in2y — rcosy — siny

xrcosy +ycosr =1 =

cosy + z (—siny)y +y' coszx—ysinzg =0 =
,  ysinx — cosy

cosT — rsiny

20.

21.

X x[f(x)]3 +af(z) =6 =

Lf (x)]3 +3z[f (gv)]2 '@+ f@)+zf (z)=0 =
[f (@) + f ()

IO = = @P 1 e
o L*+1 1
PO Swars e

. g (gv)]2 + 122 = g (z) =

2¢ (2) ¢’ (z) + 12 = 2zg (x) + 2°¢’ ()

b 2xg(x) —12
< g (z) = 29 (z) — 22 =
2(4)(12) —-12 21
y oy 2002 -12_ 21
2(12) — (4) 2
22 4P x 2y 9z
NS A | z_ —0 P9
69 =~ 3 9 = Y 16y
Whenx:—Sandy:%wehavey/:%:—L—iso
an equation of the tangentis y — 2 = —3 (z + 5) or
y:—%x—éL
2 4P 2¢  yy' 4z
. —:1 = — —:0 = /:——A
9 36 9 s Y Y
4(-1) 1

Whenz = —1 and y = 4v/2 we have y' = —

2 V2

so an equation of the tangent line is y — 4+/2 = % (x+1)
ory == (z+9).

yY=2*2—2) =22 -2 = 2y =627 —42*
;L 32? — 228
Yy
3 -2)?
1
sy—1=1(z—1)ory ==x.

= . Whenx =y =1,

= 1, so an equation of the tangent line

$2y2 _ (y+ 1)2 (4_y2) =

2ay? +22%yy' = 2(y + 1)y’ (4 —9?) + (y + 1)* (—2yy")
xy?

W+ U=y —yy+1)* —a%y

x = 0. So an equation of the tangent line at (0, —2) is

y+2=0(x—0)ory = -2

y = = 0 when



