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6.1 | INTEGRATION BY PARTS

SECTION 6.1 INTEGRATION BY PARTS = |

B Click here for answers.

1-15 = Evaluate the integral.

I J xe™ dx 2. fx cos x dx

3. Jx sin 4x dx 4. JXZCOS 3xdx

5. [ 4 sin ax dx 6. [ 0sin6 cos 6o
7. ftzlntdt 8. fe"’cos 36d6

9. L‘ te dt 10. fln\/}dx
1. J.Uw/zxcos 2x dx 12. folxze“dx
13. [ xe dx 14, f sin(In x) dx

15. J.x tan”'x dx

B Click here for solutions.

16.

17.

18.

First make a substitution and then use integration by parts to
evaluate [ x° cos(x’) dx.

Evaluate J V/x In x dx. Nlustrate, and check that your answer is
reasonable, by graphing both the function and its antiderivative
(take C = 0).

Find the area of the region bounded by y = sin 'x, y = 0,
and x = 0.5.

19-20 = Use a graph to find approximate x-coordinates of
the points of intersection of the given curves. Then find
(approximately) the area of the region bounded by the curves.

19.

20.

21.

22.

y=x% y=xe?

y=x*—35 y=Inx

Use the method of cylindrical shells to find the volume
generated by rotating the region bounded by y = sinx, y = 0,
x = 24, and x = 377 about the y-axis.

Find the average value of f(x) = x cos 2x on the interval
[0, m/2].
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2 = SECTION 6.1 INTEGRATION BY PARTS

6.1 | ANSWERS

A Click here for exercises.

lee? — 1?4+ C

2. xsinx +cosx +C
1 1
3. —gwcosdx + fgsindx + C
4. §m2 sin 3x + %xcos?):c — 237 sin3z + C
x> 2x . 2
5. —— cosax + — sinax + — cosax + C
a a? a3
6. 2 (sin26 — 26 cos260) + C
7. 3°(3lnt— 1)+ C
8. lioe*e (3sin360 — cos 30) + C
9.1—2/e
10. 2Iln4 — 2
1
n -3
12.2—-5/e
13. %ey”z (1’2 — 1) +C
14. 1z [sin(Inz) — cos (Inz)] + C
15. % (ac2 tan 'z +tan"lz — ac) +C
16. %xs sin (ws) + %COS (ws) +C
2 3/2 4.3/2
17. 5z / Inz — gz 24
18. & (7 +6v3 —12)
19. 0.080
20. 7.10
21. 1072
n -1

B Click here for solutions.
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6.1 | SOLUTIONS

SECTION 6.1 INTEGRATION BY PARTS

3

A Click here for exercises.

.Letu =z, dv =e¥dz =

1 2z

du = dx, v = 3e*. Then by Equation 2,

2z _ 1 2z 1 2z _ 1 2z 1 2z
fa:e dxr = jze f2e dx = jze ze +C.

. Letu =z, dv = cosxdr = du=dx,

v = sinz. Then by Equation 2,

Jzcoszdr =zsinz — [sinzdr = zsinz + cosz + C.

. Letu =x,dv =sindxdr = du=dzx,v= ficos4x.
Then
[zsindzdr = —jzcosdr — [ (—5cosdx)dx

= —imcosélsc + 1—16 sindz + C

. Letw = 22, dv = cos3zdz =

du = 2x dx, v = %Sin 3x. Then
I = [2”cos3wdr = 32 sin3z — 2 [ @sin 3z dx by
Equation 2. Nextlet U = z, dV = sin3zdx =

dU = dz, V = —3 cos 3z to get

fxsin?)xd:r = —%mcos?;ac—l—%fcos?)xdx

= —%mcos?)m + %sin?)ac + C1

Substituting for [ sin 3z dz, we get
2

I = iz sin3m—3(—lmcos?):c—&—%sin?):c—&—cl)

3 3 3

2 . .
= %m sm3m+%mcos3:c—2—27sm3w+0

where C' = —%C’l.

5. Letw = 22, dv = sinazdz = du= 2zdz,

1
v = ——cos ax. Then
a

I = /xZSinaxdac

2
—x—cosa:v—/(—l> cos az (2z dx)
a a

z2 2
= ——cosax + — [ xcosaxdx
a a

by Equation 2. Let U = z, dV = cosaxdx =
dU =dz,V = é sin ax. Then

T . 1.
rcosardr = —sinax — | —sinaxdz
a a

T . 1
—sinax + — cosax + C1
a a?

So
2
T 2 (x . 1
——cosar + — —smam—l——2cosax+01
a a\a a

x2 2r 2
——cosar + — sinax + — cosax + C
a a? a’

6. I = [fsinfcosfdf =1 [20sin260df

=1 [tsintdt (Putt=20 = dt=df/2)

Letu =t dv=sintdt = du=dt,v= —-cost. Then

I = (ftcost+fcostdt)

1
8
= % (—tcost+sint) +C
1 (sin20 — 20 cos 20) + C

7. Letu=1Int,dv=t>dt = du=dt/t,v=1t> Then
[ Intdt = $t°Int — [ 343 (1/t)dt =
st°Int — 3t° 4+ C = $t° (3Int — 1) + C.

8 Letu =cos30,dv=e%d0 =
du = —3sin30d0, v = —e~’. Then
I'=[e"cos30d) = —e’cos30 —3 [ e’ sin30do.
Integrate by parts again:
I=—-e"%cos30+3e ¥sin30 — f e %9 cos 30 d6, so
10 [ 7% cos30d0 = e’ (35in 30 — cos 30) + C1 and
I = e’ (35in30 — cos 30) + C, where C' = C1/10.

9. Letu=t,dv=e"'dt = du=dt,v=—e"". By
Formula 6,

[l te~tat

[—te™"], + fo et dt
= —1/e+ [fe_t}(l) =-1/e—1/e+1
= 1-2/e

10. I=f141n\/§dac:

[fnzde =3 [znz -]} asin

1
3
Example 2. So/ = 1[(4ln4—4)—(0—1)] =2In4 — 2.

1. Letu =z, dv = cos2xdx = du = dz,
v = %sin 2x dx. Then

foﬁ/2xcos2:rd:r = [%x sin2x]g/2 f%foﬂ/z sin 2z dx
= 0+ ECOSZJC];F/2
=1(-1-1)=-1%

12 Letu =22, dv=e"%de = du=2xdr,v=—e °.

Then
I = fol z?e % dr = [—mze_m]; + fol 2ze” " dx
= —1/e+ fol 2ze™ " dx
Now use parts again with u = 2z, dv = e~ *. Then

I —1/e— [21’67I](1) + fol 2e” " dzx

= —1/e—2/e— [2¢7"], = —3/e —2/e +2
= 2-5/e
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= SECTION 6.1

13. Substitute ¢ = 22

u=t,dv=c¢el

fa:‘q’exz der =

1 [tetdt = Ste' —

INTEGRATION BY PARTS

= dt = 2z dx. Then use parts with
dt = du=dt,v=e’ Thus,

%fetdt

t t 22 (2
ite' — '+ C=3e" (z"—-1)+C

14. Let w = Inz, so that x = € and dz = " dw. Then

[sin(Inz)dz =

15. Let w = tan~*

1
Then fmtanfl rdr = %x2 tan"tz — 5/

But

[+
1+ x2

SO

fa:tanfl rdr =

16. Substitute ¢t = 2>

[ e¥sinwdw
1e" (sinw — cosw) + C (by Example 4)
1z [sin(Inz) — cos (Inz)] + C

z,dv=xdr = du=dzx/ (1+x2),

$2

T2 4o

2 p—
dr = /7(1+x) 1d:r

1+ 22

1
= /ldx—/1+x2dm

= z—tan tz 4+

2tan x—%(m—tan71m+C1)

N[= N[

T
(xZ tan 'z +tan tz — x) +C

= dt = 32” dx. Then use parts with

u =t,dv = costdt. Thus

[ 2°cos (2°) dz =

%fxscos (zS) 2322 de = 1 [tcostdt
%tsint — %fsintdt
1 . 1
stsint + 3 cost +C
3

%I sin (xg) + %COS (mg) +C

17. Letu = Inz, dv = /Jrdr = du=dz/z,
v=[adr=2z*? Thus

[VzIlnzdzs

= %x?’/anx—f%xsm (1/z) dx

= %ws/zln:r— %x?’ﬂ +C

We see from the graph that this is reasonable, since the

antiderivative is increasing where the original function is

positive.

dx
18. Letu =sin" 'z, dv=dz = du=-————,v=uz.
V1—2a2
Then
1/2
area = / sin"!zdx
0
= [m sin~! x] 1z _ /1/2 _r dz
0 0 vV 1-— x2
1/2
= 1@+ [Vi-a]
_ 3 1
= ﬁ+7—1_ﬁ(w+6\/§—12)
0.6
-0.2
/l
—0.1
From the graph, we see that the curves intersect at
approximately z = 0 and ¢ = 0.70, with ze~*/? > 2% on

R

A =

(0,0.70). So the area bounded by the curves is

approximately A = [

0.70 (xe’z/Q — m2) dx. We separate

this into two integrals, and evaluate the first one by parts with

u=uz,dv=e

{—21‘671/2}
0

224y = du=dzx,v=—2e""?

0.70

_ fOO.'?O (_2671/2) dr — [%xg]gﬁo

[~2(0.70) e~ *% — 0] — [4e™"?] 2'70 — 1[0.70* - 0]

0.080

=7

From the graphs, we see that the curves intersect at

approximately = 0.0067 and x = 2.43, with
Inz > z? — 5 on (0.0067,2.43). So the area bounded by
the curves is about

2.43

0.0067

2.43

0.0067

zlnz — ) — 22° + 52
[( )= 3

7.10

[lnx — (1’2 - 5)] dx

(Inz — 2 +5) dx

2.43

00067 (see Example 2)
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21. Volume = f;: 2nxsinxzdr. Letu =z, dv =sinxdr =
du =dr,v = —cosx =

V = 2r[-zcosx +sinz]3"
= 27 [(37 +0) — (—27 + 0)]
= 27 (57) = 1077

22. Letu = x,dv = cos2xdr = du=dx,

v = % sin 2z dx. Then

/2 1 /2
0 75f0
/2

0

for/zzcos&rd:r = [lxsin2x] sin 2z dx

2
= 0+ E COSQJC]

=1(-1-1)=-1

. —1/2 1

Hence, the average value of f is —— = ——
/2 -0
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