
1–15 ■ Evaluate the integral.

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11. 12.

13. 14.

15.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

y  x tan�1 x dx

y sin�ln x� dxy  x 3e x 2
 dx

y
1

0
 x 2e�x dxy

� � 2

0
 x cos 2x dx

y
4

1
 ln sx dxy

1

0
 te�1 dt

y e�� cos 3� d�y t 2 ln t dt

y � sin � cos � d�y x 2 sin ax dx

y  x 2 cos 3x dxy x sin 4x dx

y x cos x dxy xe 2x dx

16. First make a substitution and then use integration by parts to
evaluate .

; 17. Evaluate . Illustrate, and check that your answer is
reasonable, by graphing both the function and its antiderivative
(take ).

18. Find the area of the region bounded by , , 
and .

; 19–20 ■ Use a graph to find approximate -coordinates of 
the points of intersection of the given curves. Then find
(approximately) the area of the region bounded by the curves.

19. ,

20. ,

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

21. Use the method of cylindrical shells to find the volume 
generated by rotating the region bounded by , ,

, and about the -axis.

22. Find the average value of on the interval
.�0, ��2�

f �x� �  x cos 2x

yx � 3�x � 2�
y � 0y � sin x

y � ln xy � x 2 � 5

y � xe�x�2y � x 2

x

x � 0.5
y � 0y � sin�1 x

C � 0

x sx ln x dx

x x 5 cos�x 3� dx
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2 ■ SECTION 6.1 INTEGRATION BY PARTS

ANSWERS

C l i c k  h e r e  f o r  s o l u t i o n s .SC l i c k  h e r e  f o r  e x e r c i s e s .E

1.
1

2
xe2x − 1

4
e2x + C

2. x sinx+ cosx+ C

3. − 1

4
x cos 4x+ 1

16
sin 4x+ C

4.
1

3
x2 sin 3x+ 2

9
x cos 3x− 2

27
sin 3x+ C

5. −x2

a
cos ax+

2x

a2
sin ax+

2

a3
cos ax+ C

6.
1

8
(sin 2θ − 2θ cos 2θ) + C

7.
1

9
t3 (3 ln t− 1) + C

8.
1

10
e−θ (3 sin 3θ − cos 3θ) + C

9. 1− 2/e

10. 2 ln 4− 3

2

11. − 1

2

12. 2− 5/e

13.
1

2
ex

2 (
x2 − 1

)
+ C

14.
1

2
x [sin (lnx)− cos (lnx)] + C

15.
1

2

(
x2 tan−1 x+ tan−1 x− x

)
+ C

16.
1

3
x3 sin

(
x3

)
+ 1

3
cos

(
x3

)
+ C

17.
2

3
x3/2 lnx− 4

9
x3/2 + C

18.
1

12

(
π + 6

√
3− 12

)
19. 0.080

20. 7.10

21. 10π2

22. − 1

π

6.1
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SECTION 6.1 INTEGRATION BY PARTS ■ 3

SOLUTIONS6.1

C l i c k  h e r e  f o r  e x e r c i s e s .E

1. Let u = x, dv = e2x dx ⇒
du = dx, v = 1

2
e2x. Then by Equation 2,∫

xe2x dx = 1

2
xe2x −

∫
1

2
e2x dx = 1

2
xe2x − 1

4
e2x + C.

2. Let u = x, dv = cosxdx ⇒ du = dx,

v = sinx. Then by Equation 2,∫
x cosxdx = x sinx−

∫
sinx dx = x sinx+ cosx+ C.

3. Let u = x, dv = sin 4xdx ⇒ du = dx, v = − 1

4
cos 4x.

Then∫
x sin 4xdx = − 1

4
x cos 4x−

∫ (
− 1

4
cos 4x

)
dx

= − 1

4
x cos 4x+ 1

16
sin 4x+ C

4. Let u = x2, dv = cos 3xdx ⇒
du = 2xdx, v = 1

3
sin 3x. Then

I =
∫
x2 cos 3xdx = 1

3
x2 sin 3x− 2

3

∫
x sin 3x dx by

Equation 2. Next let U = x, dV = sin 3x dx ⇒
dU = dx, V = − 1

3
cos 3x to get∫

x sin 3xdx = − 1

3
x cos 3x+ 1

3

∫
cos 3xdx

= − 1

3
x cos 3x+ 1

9
sin 3x+ C1

Substituting for
∫
x sin 3xdx, we get

I = 1

3
x2 sin 3x− 2

3

(
− 1

3
x cos 3x+ 1

9
sin 3x+ C1

)
= 1

3
x2 sin 3x+ 2

9
x cos 3x− 2

27
sin 3x+ C

where C = − 2

3
C1.

5. Let u = x2, dv = sin ax dx ⇒ du = 2xdx,

v = −1

a
cos ax. Then

I =

∫
x2 sin ax dx

= −x2

a
cos ax−

∫ (
−1

a

)
cos ax (2x dx)

= −x2

a
cos ax+

2

a

∫
x cos ax dx

by Equation 2. Let U = x, dV = cos ax dx ⇒
dU = dx, V =

1

a
sin ax. Then

∫
x cos ax dx =

x

a
sin ax−

∫
1

a
sin ax dx

=
x

a
sin ax+

1

a2
cos ax+ C1

So

I = −x2

a
cos ax+

2

a

(
x

a
sin ax+

1

a2
cos ax+ C1

)

= −x2

a
cos ax+

2x

a2
sin ax+

2

a3
cos ax+ C

6. I =
∫
θ sin θ cos θ dθ = 1

4

∫
2θ sin 2θ dθ

= 1

8

∫
t sin t dt (Put t = 2θ ⇒ dt = dθ/2.)

Let u = t, dv = sin t dt ⇒ du = dt, v = − cos t. Then

I = 1

8

(
−t cos t+

∫
cos t dt

)
= 1

8
(−t cos t+ sin t) + C

= 1

8
(sin 2θ − 2θ cos 2θ) + C

7. Let u = ln t, dv = t2 dt ⇒ du = dt/t, v = 1

3
t3. Then∫

t2 ln t dt = 1

3
t3 ln t −

∫
1

3
t3 (1/t) dt =

1

3
t3 ln t− 1

9
t3 + C = 1

9
t3 (3 ln t− 1) + C.

8. Let u = cos 3θ, dv = e−θ dθ ⇒
du = −3 sin 3θ dθ, v = −e−θ. Then

I =
∫
e−θ cos 3θ dθ = −e−θ cos 3θ − 3

∫
e−θ sin 3θ dθ.

Integrate by parts again:

I = −e−θ cos 3θ + 3e−θ sin 3θ −
∫
e−θ9 cos 3θ dθ, so

10
∫
e−θ cos 3θ dθ = e−θ (3 sin 3θ − cos 3θ) + C1 and

I = 1

10
e−θ (3 sin 3θ − cos 3θ) + C, where C = C1/10.

9. Let u = t, dv = e−t dt ⇒ du = dt, v = −e−t. By

Formula 6,∫
1

0
te−t dt =

[
−te−t]1

0
+

∫
1

0
e−t dt

= −1/e+
[
−e−t]1

0
= −1/e− 1/e+ 1

= 1− 2/e

10. I =
∫

4

1
ln

√
xdx = 1

2

∫
4

1
lnxdx = 1

2
[x lnx− x]4

1
as in

Example 2. So I = 1

2
[(4 ln 4− 4)− (0− 1)] = 2 ln 4− 3

2
.

11. Let u = x, dv = cos 2x dx ⇒ du = dx,

v = 1

2
sin 2xdx. Then

∫ π/2

0
x cos 2xdx =

[
1

2
x sin 2x

]π/2

0
− 1

2

∫ π/2

0
sin 2xdx

= 0 +
[
1

4
cos 2x

]π/2

0

= 1

4
(−1− 1) = − 1

2

12. Let u = x2, dv = e−x dx ⇒ du = 2xdx, v = −e−x.

Then

I =
∫

1

0
x2e−x dx =

[
−x2e−x

]1
0
+

∫
1

0
2xe−x dx

= −1/e+
∫

1

0
2xe−x dx

Now use parts again with u = 2x, dv = e−x. Then

I = −1/e−
[
2xe−x]1

0
+

∫
1

0
2e−x dx

= −1/e− 2/e−
[
2e−x]1

0
= −3/e− 2/e+ 2

= 2− 5/e
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4 ■ SECTION 6.1 INTEGRATION BY PARTS

13. Substitute t = x2 ⇒ dt = 2x dx. Then use parts with

u = t, dv = et dt ⇒ du = dt, v = et. Thus,∫
x3ex

2

dx = 1

2

∫
tet dt = 1

2
tet − 1

2

∫
et dt

= 1

2
tet − 1

2
et + C = 1

2
ex

2 (
x2 − 1

)
+ C

14. Let w = lnx, so that x = ew and dx = ew dw. Then∫
sin (lnx) dx =

∫
ew sinw dw

= 1

2
ew (sinw − cosw) + C (by Example 4)

= 1

2
x [sin (lnx)− cos (lnx)] + C

15. Let u = tan−1 x, dv = xdx ⇒ du = dx/
(
1 + x2

)
,

v = 1

2
x2.

Then
∫
x tan−1 xdx = 1

2
x2 tan−1 x− 1

2

∫
x2

1 + x2
dx.

But ∫
x2

1 + x2
dx =

∫ (
1 + x2

)
− 1

1 + x2
dx

=

∫
1 dx−

∫
1

1 + x2
dx

= x− tan−1 x+ C1

so∫
x tan−1 xdx = 1

2
x2 tan−1 x− 1

2

(
x− tan−1 x+ C1

)
= 1

2

(
x2 tan−1 x+ tan−1 x− x

)
+ C

16. Substitute t = x3 ⇒ dt = 3x2 dx. Then use parts with

u = t, dv = cos t dt. Thus∫
x5 cos

(
x3

)
dx = 1

3

∫
x3 cos

(
x3

)
· 3x2 dx = 1

3

∫
t cos t dt

= 1

3
t sin t− 1

3

∫
sin t dt

= 1

3
t sin t+ 1

3
cos t+ C

= 1

3
x3 sin

(
x3

)
+ 1

3
cos

(
x3

)
+ C

17. Let u = lnx, dv =
√
xdx ⇒ du = dx/x,

v =
∫ √

x dx = 2

3
x3/2. Thus

∫ √
x lnxdx = 2

3
x3/2 lnx−

∫
2

3
x3/2 (1/x) dx

= 2

3
x3/2 lnx− 4

9
x3/2 + C

We see from the graph that this is reasonable, since the

antiderivative is increasing where the original function is

positive.

18. Let u = sin−1 x, dv = dx ⇒ du =
dx√
1− x2

, v = x.

Then

area =

∫
1/2

0

sin−1 xdx

=
[
x sin−1 x

]1/2
0

−
∫

1/2

0

x√
1− x2

dx

= 1

2

(
π
6

)
+

[√
1− x2

]1/2
0

= π
12

+
√
3

2
− 1 = 1

12

(
π + 6

√
3− 12

)

19.

From the graph, we see that the curves intersect at

approximately x = 0 and x = 0.70, with xe−x/2 > x2 on

(0, 0.70). So the area bounded by the curves is

approximately A =
∫

0.70

0

(
xe−x/2 − x2

)
dx. We separate

this into two integrals, and evaluate the first one by parts with

u = x, dv = e−x/2 dx ⇒ du = dx, v = −2e−x/2:

A =
[
−2xe−x/2

]0.70
0

−
∫

0.70

0

(
−2e−x/2

)
dx−

[
1

3
x3

]0.70
0

=
[
−2 (0.70) e−0.35 − 0

]
−

[
4e−x/2

]0.70
0

− 1

3

[
0.703 − 0

]
≈ 0.080

20.

From the graphs, we see that the curves intersect at

approximately x = 0.0067 and x = 2.43, with

lnx > x2 − 5 on (0.0067, 2.43). So the area bounded by

the curves is about

A =
∫

2.43

0.0067

[
lnx−

(
x2 − 5

)]
dx

=
∫

2.43

0.0067

(
lnx− x2 + 5

)
dx

=
[
(x lnx− x)− 1

3
x3 + 5x

]2.43
0.0067

(see Example 2)

≈ 7.10
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SECTION 6.1 INTEGRATION BY PARTS ■ 5

21. Volume =
∫

3π

2π
2πx sinxdx. Let u = x, dv = sinxdx ⇒

du = dx, v = − cosx ⇒
V = 2π [−x cosx+ sinx]3π

2π

= 2π [(3π + 0)− (−2π + 0)]

= 2π (5π) = 10π2

22. Let u = x, dv = cos 2x dx ⇒ du = dx,

v = 1

2
sin 2xdx. Then

∫ π/2

0
x cos 2xdx =

[
1

2
x sin 2x

]π/2

0
− 1

2

∫ π/2

0
sin 2xdx

= 0 +
[
1

4
cos 2x

]π/2

0

= 1

4
(−1− 1) = − 1

2

Hence, the average value of f is
−1/2

π/2− 0
= − 1

π
.
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