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6.2

SECTION 6.2 TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS

TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS

B Click here for answers.

1-56 = Evaluate the integral.
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B Click here for solutions.
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2 = SECTION 6.2 TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS

6.2 | ANSWERS

A Click here for exercises.

. —cos:v—ﬁ—%cos?’x—i—C

2. %Cos7a:—%cos5x+0
3. %sin5x—%sin7:r—|—0
4, %Osinma:—isinsm—i—%sinﬁx—ﬁ—c
T s
5.7 6. T
7. 2t + Lsin2t 4+ L sindt + C
© 8 1 32
8. liz’— ﬁsin%m:—!— %sinélﬂx—&— ﬁsin?’%ﬁr—&—c
9. %x—&—cost— %sin4x+0

21.
22
25.
26.
27.
28.
29.
30.
31
32,
33.
34.
35.
36.

X —? cos 20 + %O—i— %sin29+C

cos (z°) + g cos® (#%) + C

. —3 (g cos” 2z — 2 cos” 2z + & cos® 22) + C

7 5
5 2 3

cos’x + 5 cos’x —cosz + C

1
2

5 % (gx+2sin2x+ %sin4x— %sin32x) +C
1
2
1
5

3 1 1
. 55T — Tog SINAT + 1557 sin8z + C

128

. 2 (1 — %sin2 x) Vsinx + C

. VT + 3sin(2y2) 4+ C
. tanx + secx + C'

X lsec691:—|—Cor%tanzﬂc—i—%‘can‘*:c—&—%tanfsac—l—C’

6
8

X %sec x—%sec6x+00r

%tan2x+%tan6m+%tan4x+0
%tan3m+tanx+0

28
z 2.

ol
)
=

Giloe

Sz—1lsectz+C

1
sec 3

5

38
15

%tanzm—i—C’

—%coth—écot5w+C’
—écot6x—%cot4x+0
sinex—sinsem+%sin5 ew—%sin7e”+0
In|cscz — cot x| + cosx + C
—%coth—cotx—l—C

1 1

5sinx + 17sin7zx + C

1 1
g 8in3z — 1z sin9z + C
1 1
5 cosdx — 55 cosbx + C
1
1

x+%sin2x+ 1—165in4x+2—14$in6x+0

B Click here for solutions.

3.
38 &
39. —V1-22+C

0. 14— +cC
a. 2 (2-2)

42. In (vV2+1)

43, L (sec_1 z +

128 4 x2
M -1+ 1c
1 z2+43—3
4. —=In = +C

4. 1 (z* +25)*% 1 C
47. /922 — 4 — 2sec™?! (3””) +C

el
8.9

9.2 (1+2%)"* 1 C

50. z +C

TEVETE
5.In (Va? +4z+8+2+2)+C

1[sin (@ — 1)+ (z—1)V2z — 22|+ C
53. gsinf1 (%et) + %et\/9——62t+ C
54. /€2t — 9 — 3sec! (%et) +C

52.

1[var—3  (a®—2)"?
55. — — +C
4 T 3x8

1 -1 €
56. 5 (tan x+x2+1) +C

3r
57. 3%
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6.2 | SOLUTIONS

SECTION 6.2 TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS = 3

A Click here for exercises.

. f cos*tdt

. fsinsxdm:f(l—coszx)sinxdm

= [sinzdz + [ cos® z (—sinz) dz

= —cosx + %cosssc—kC
by the substitution « = cos z in the second integral.

. Letu =cosx = du= —sinzdzx. Then

fsin3 zcostzdr = fcos4 T (1 — cos? x) sin x dx
= [u* (1—2?) (—du) = [ (u® —u*) du

:%u7 1 w4+ C= cos7m—gcos z+C

. Letu =sinx = du = cosx dx. Then

fsin4:rcos3:vdx:fsin4x(1fsin2 m) cosz dx
:f(u4—u )du— u5——u +C

:%sin‘r’x—;sm z+C

. Letu =sinx = du = cosxdx. Then

fcosSmsin5acdac:fu5 (l—u2)2 du

w? (1 —2u? +u?) du = u® = 2u” 4+ u%) du
J
:1_10u10 1 8+ +C

= 1Oslnmm—%sm T+ = 51n6x+C

Or: Letv = cosx, dv = —smxdm. Then
[ cos® zsin® zdx = [° (1 —1)2)2 (—dv)
zf(—v5+2v7—v )dv——1 010+ 1v8 év6+C
1

:fﬁcos :erlcossxf%cos z+C

. fow/2 sin? 3z da = W/2 1 (1 — cos6x)dx

2

= [éxf %sm&r} /2 _

AI:!

. fow/2coszccd:c = W/Z 1 (1+ cos2z)dx

= [—x+—sin2x] /2:§

Il
—
— o

(1+c052t)} dt

(1 + 2cos 2t + cos® 2t) dt

t+ gsin2t+ 5 [ 3 (1+cosdt)dt
[t +sin2t + 4t 4 § sindt] + C
=3¢+ Zsin2t + 55 sindt + C

N N N

. fsin6 mrde = [ (sin2 7rx)3 dx

(1 — cos 27rx)]3 dx

f

[3 (
f (1 — 3cos 27z + 3cos? 2mx — cos 271'3:) dx
/

oo~ ool

[1—3cos2mz + 3 (1+ cosdnz)

— (1 — sin? 27r:):) cos 27rx] dx

= %f (g —4cos2mx + § cos 4z + sin? 27z cos 27rx) dx
= % [%x — 2is1n27m+ —sm47ras—|— mSIH 271'30] +C
= %m— % sin 2w + =— 647r sindrx + 48—ﬁsm 2nx + C

9. [(1—sin2z)® dx 1 — 2sin 2z + sin® 2z) dx

=J(
= [[1—2sin2z + 3 (1 — cos4z)] dx
=[5

3

5 — 2sin2zx — cos 43:} dx

3

2

+ cos 2x — %sin4x+C

10. ['sin (6 + %) cos 6 df
f(sme-éJrcosG-%) cos 6 do
=2 [sin20df + 1 [ (1+ cos26)db
=f%cos29+%0+%sin20+0
N Letu=2> = du=2xdxr. Then
fmsin3 (:cz) dr = fsin3u- %du
= 1 (—cosu+3cos’u) +C
= —1icos (ZE2) +3 cos® (:E2) +C

12. [cos®wdw = [ [3 (1 + cos 2:0)]3 dz
1 [ (1 +3cos2z + 3cos® 2z + cos® 2z) da

%f [1+3cos2m+

+ 2 (1+ cosdx) + (1 — sin” 2z) cos x| dw

2 [ (8 +4cos2z + £ cos 4z — sin® 2z cos 2x) dx
1
8

(%x + 2sin 2x + % sindx — %sin3 Qm) +C
13. Letu = cos2x = du = —2sin2xdz. Then

f sin® 2z cos* 2z dx = f cos? 2z (1 — cos? 21‘)2 sin 2z dx
4 (1 — u2)2 (f% du) = fé f (u4 —2ub +u8) du
u® — 20"+ )+ C
cos® 2z — % cos” 2z + % cos® 21’) +C

—
N

—

D= N[
O~ O~

—~

14. Letw = cosx = du = —sinxdz. Then
fsin5xdx:f(lfCOSQx)Qsinxdm
J(a- )2 (—du) = [ (-1 +2u® —u*) du
:*%u5+§ S _u+cC
Lcos’

co +gcos3x—cosx+0

2sir12ar:)4 dx
=& [sin*2zdr =L [[1(1 —cos4:z:)]2dx
= éf(172cos4$+00824$) dx

15. fsin4xcos4xdx: J (l

1

= o (v — isindz) + ﬁf 1+ cos 8z) dx
= 614 (z — sin4w) + == 128 (1: + = sln81:) 1+ C

3
55T — 128 sindx + 1024 sin8x + C
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4 = SECTION 6.2 TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS

16. Letu =sinx = du = cosxdx. Then 21. fsec4 rdr = f (tan2 T+ 1) sec? z dx
cos® (1—u2)du :ftan2xsec2mda:+fsec2:rd:r:%tan?’m—i—tanm—i—C
- de = —
Vsinx ul/

22. fsec6 rdr = f (tan2 T+ 1)2 sec? ¢ dx

J (u71/2 — u3/2) du

= 2u1/2—%u5/2+0 +fseczzrd:r

= [tan* zsec® vdzx + 2 [ tan® xsec’ v dx

= 2u1/2(17%u2)+0 =1tan’z + Ztan’ 2 + tanz + C

2(1 — %sinzx) Vsinx + C

(Set u = tan « in the first two integrals.) Thus

/4

f07/4 secbzdzx = [% tan® z + % tan® © + tan x} o

17. Let u = 1/ so that x = u? and dz = 2u du. Then =1+24+1=2

2
cos \/_ = /COS u2 du—f2cos udu
VG

23. Letu = tant = du = sec®>tdt. Then
foﬁ/4 tan® tsec® t dt = fol wtdu = [luﬂ L %

= [(1+cos2u)du 57 1o
= u+ isin2u+C 2. Letu =tanz = du=sec’zdzr. Then
= \/E—i-%sin(Q\/E)—&—C fﬂ/4tan zsectzdr = f01u2 (u2+1)du
(e ) du
dx 1+sinz 1+sinz
18. - = — dr= | ———dx 1.5, 1,371
1—sinx 1—sin®x cos? x = [gu + 3u ]0

= (sec2 z +secwtanz) do

Il
i
+
=
\
Gloe

=tanx +secx + C
25. Letu =secr = du=secxztanxdx. Then

19. Letu =secx = du =secxtanxdx. Then ftan3xsecsxda: _ fsechtanzxsecxtanxdac
[tanzsec®zdr = |[sec® xsecxtanzdx = [u?(u?—1)du= [ (u* —u?)du
:qu’du:%uﬁ—l—C 1,5 1,3
1.6 A
= gsecre+C = %secsx—%sec3m+0

Or: Letu = tanx, du = sec? z. Then

ftanxsecszx = ftana?(lthaan)Qsechd;p 26. Letu =secr = du =secztanxdx. Then

foﬂ/s tan® rsecxdx = fow/?’ (sec® x — 1)2 sec z tan x dz
~1)*d

ut —2u? + )du

f tanzsec? zdzx + 2 f tan® zsec? z dx
+ f tan® z sec? x dx (
Ji

= %tan2x+%tan4x+%tan6z+0 -

— J1 24, 2
20. Letu =secz = du = secxtanzdz. Then o [i: _6§ _— ] o
[tan®zsec®zdr = [ (sec?x — 1) sec® zsec tan z da = 28?_? 2)-(3-%+1)
= [ (1) du= [ () du = 3
= é“g_ %u(a_’_c 27. Letu = tanz = du =sec’ zdz. Then
= Lsec*z—Ltsec’z+C /S:;ffdm = [tanzse? zdz = [udu
Or: ] 2
o sectade = ftan’ e tan’ s +1)" sec? o - O fuirC
= [o® (P + 1)2 dv (where v = tan ) 28. [ cot® wesc wdw = [ cot® wese® w ese? w dw

= f cot? w (1 + cot? w) csc? w dw
= [v* (1+v?) (—du) [u=cotw,du= —csc’®wdw]

:ff(u2 )du—73u3f%u5+0

I (v7 +20° 4+ v3) dv

:évs—i— Lol v+C’1

_ 1 1y, 4
= gtan m+§tan T+ gtan"z + C1 = —leot?w—Leotdw+C
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29. Letu = cotx = du= —csc?zdz. Then
i cot®zesctadr = f cot® x (cot2 z+1) csc? z dx
= [ (v +1) (~du)
= —%uﬁ — lu +C

30.

33.

34,

35.

36.

= f%cot xfzcot z+C
femco7(z)dx:fcos7udu [u=e€", du = e® dx]
f( ) cosuduzf(l—sinQu)Scosudu
f(lfv ) dv [v =sinu, dv = cosu du]
:f(l—?)v + 3v* )dv
=v—° —l—gv —711 +C
:sinu—sin3u+§sin5u—lsin7u—|—C’

= sine® — sin® e” +—sm5617%sin7ez+0

2 .2
cos” x 1—sin“z .

.| ——dz= | —————dx= | (cscx —sinx)dz
sinz sinz

=Inlcscz — cot x| + cosz + C
dx 4 2 2
— :fcsc wdm:f(cot ac—l—l)csc z dx
sin® x
= [ (v® +1) (—du) (where u = cot z)

:—%u3—u+C’:—%cot3x—cotx—|—C

[ cos3z cos 4z dx
= f 3 [cos (3z — 4) + cos (3z + 4x)] dx
5 [ (cosz + cos 7x) dx

I=

% sinz + ﬁsm7:r—|—C
[ sin 3z sin 6z dx
[cos (3z — 6x) — cos (3z + 62)] dx

1
2
f cos 3z — cos 9z) dx

1 [sin (:r - 5x) + sin (z + 5z)] dx
J (—sin4x + sin 6z) dx
co

-1
2
-1
6
fsinxcosf)a:dm :f
1
2
1
8

os4x — —COSG:L’+C
J cosz cos 2z cos 3z dx

= [cosz - % [cos (2z — 3z) + cos (2z + 3z)] dz

1 2 1
§fcos xdm+5fcosxcos5xdx

=1 [(1+ cos2z)dx
+3/3
1

=3z + gsm2x+ Zf (cos 4z + cos 6z) dz

[cos (z — bx) + cos (z + 5x)] dx

_1 1 1 1
= 3T + §s8in2x + 35 sindx + 57 sinbx + C

SECTION 6.2 TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS =

37. Let z = sin 0, where —% < 0 < Z. Then dz = cos 6 df and
VI—#E =
[=%.3]). Thus

|cos 6] = cos @ (since cos & > 0 for 6 in

/‘/3/2 dx _ /”/3 cos 0 do
12 x2/1—22 <6 sin’ 0 cosf
= f"//:csc 0do=[— cotﬂ]gg
_ 1
-5 ()
- 3 _ 1 _ 2
T V3 VBT VB
38. Letz = 2sin6, —5 < 0 < 5. Then dz = 2 cos 6 d and

VI—a? =
[2a3VE— 2% da = fﬁ/QSSm 0 (2cos0) (2cos ) df
=32 fﬁ/2 cos® 0 (1 — cos® ) sinf df
=32 fl u® (1 —u?) (—du) (where u = cos 6)
=32 fol (u® —u*) du =32 [1u® — l745](1)

5
—2(3-4) - #

|2 cos @] = 2c059 s0

39. Letw = 1 — 2. Then du = —2x dz, so

| =t = 5 [ =V
_ _JfiEic

40. Letu =4 — 2. Thendu = —2zdzx =

JavVi—a2ds = —3

|
—
5
=
Il
e

1
- h-
41. Let z = 2tan 0, where —5 < 0 < 3. Then
dx = 2sec?0df and vVz2 + 4 = 2sec 0, so

2 3 /4 3
/ _r der = / 8tan” 0 2sec? 0 do
0o Vz2+4 0 2sect

= 8[”/4 (sec® 6 — 1) sec tan 6 df
= 8[% sec39—sect9]g/

= 8[3-2v2-+2| -8[§ -1
- 3(27\/5)

VX2 +4
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6 = SECTION 6.2 TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS

42. Letx = 3tan 6, where —3 < 6 < . Then
dz = 3sec? 0df and v/9 + x2 = 3secd.

/3 de /”/4 3sec?0df /W/4sec9d9
o V9 + 2 0 3sech 0
[1n|sec€—|—tan0\]g/4

ln<\/§+l)—ln1:ln(\/§+1)

43. Letz = 4sec,where 0 <0 < Form <0 < 37" Then

dx = 4secftanfdl and v/z2 — 16 = 4 |tanf| = 4 tanb.

Thus
4 secftan 6 do

dzr
/x3\/x2 — 16 _/64sec30-4tan0
=& [cos’0df = 7= [ (1 + cos20)db

= 135 (0 + 3 sin20) + C = 155 (6 +sinfcosh) + C

128 128
_ 1 -1 Z 44/22-16 C
= (s g t— =)t

by the diagrams for0 < 6 < Zand 7w < 6 < 37”, where the
labels of the legs in the second diagram indicate the x-and
y-coordinates of P rather than the lengths of those sides.
Henceforth we omit the second diagram from our solutions.

P

—Vx’=16

P

4. Letu=2>+4 = du=2xdzr. Then

x dx 1 —5/2 7 _ 1 2\, —3/2
/—(I2+4)5/2 = 3 [uPdu=3(-3)u??+C

= (Huttec

—3/2

—1(*+4) 7+ 0

45. Let = /3 tan 6, where —5 <8< %. Then

/ dx B V/3sec? 0df
vz +3 V/3tan 6+/3sec

= %fcsc@d@
= %ln|csc0—cot0|—|—0

/2 _
iln‘—x +3 \/g‘+C
V3 x

Jxi+3

J3

46. Let uw = 25 + 22, so du = 2z dz. Then
JzvV25+z2dx = %fﬁdu:%-%u3/2+0

L?+25)% +C

47. 922 — 4 = (3x)2 —4,s0let 3z =2secd, where 0 < 0 < 3
orm <6< 37” Then dx = %sec@tan&d& and
V922 —4 = 2tan6.

/\/mdm _ /2tan0.2
x 2 sect

3 sec 6 tan 6d6

= 2 [tan®0df =2 [ (sec® 0 — 1) db
=(2tanf—0)+C

= /922 — 4 — 2sec”* (3—$) +C

Joxt—4

48. Letu =9 — 22, so du = —2z dz. Then

ffxﬂdm = f%fgo\/ﬂdu: -1 [§u3/2]

0

9

—3(0-27)=9

49, Letu = 1 + 22, du = 2z dz. Then

/Sx\/l—i—xQdm = %/ul/Qduzgusm—i—C

3/2

%(1—1—372) +C
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SECTION 6.2 TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS = 7

50. Let 2z = 5sec ), where 0 <6 < Form < 6 < 37” Then 53 Letu = e’ = du=e'dt. Then
Vo —e2tdt = [vV/9—ud
dx %sec@tan@d@ fe € f usdu
(422 — 25)%/ - 125 tan3 6 = [(3cosf)3cosfdf (u=3sinh, —F <6< %)
1 cos 0 :9fcos20d0:gf(1+(30529)d0
~ 50 | sin2o =2 (0 +sinfcosh) +C
1 . zﬁ{smfl u +E.7V9_“2}+0
= 750sin0+c (set u = sin @) D) (3) 3 3
_ L= i (3¢ + Je VI
50 422 — 25
_ _ € +C 54. Letu = e'. Thent = lnu and dt = du/u. Hence
25v/4x2 — 25
v I=[+e*=9dt = [ (Vu®—9/u) du. Now let
u = 3secl, where0 < < Form <0< 37” Then
2x ——
V4x? =25 vu? —9 = 3tanf and du = 3secf tand db, so
0 3tan6 9
I = =
5 / 3sece3se(‘,9tan9d0 Sftan 6do

3 (sec®0 —1)do =3 (tanf — 0) + C
5].m2+4m+8:(m+2)2+4.Letu::C+2 = _ 3[%m_sec—1<%u>}+c

du = dx. Then let u = 2tan6.
Vet —9 — 3sec™! (%et) +C

/ dz B / du 7/25ec20d9 =
V2 +4x + 8 Vu2 +4 2sect
= /SeC9d9:1n|SeCG+tan9\ +C 55. Let 7 = v/2sec, where 0 < 6 < Z orm < 0 < 3. Then
/ dx _/ﬂsec@tan@d@ - l/cos?’GdG
= In (7”1“2_'_114_7‘) +C ziva? -2 4sectfy/2tand *
2 :if(l—sin29)c050d0
= 1n< u2+4+u) +C :%(sine—%sinsﬁ)+C’(Whereu:sin9)
1 /—2_2 x2_2 3/2
zln(\/x2+4x+8+x+2)+c ——{ . - 3) +C
4 x 3x
Vul+4 X ‘
u Vxr=2
b [

2 "

52, 9 — 2% — — (mz 24 1) +1=1—(z— 1)% Let 56. Let z = tan 0, where —5 < 0 < 7. Then

w=x — 1. Then du = dx and / da :/Sec29d0 :/c0529d0

(1—$2)2 sect 6
JV2z —a22dz = [V1—u2du L L L

2 [(1+cos20)df = 5 (6 + 5sin20) +C
= [cos’0df (u=sinf,—% <<Z)

=1 (0 +sinfcosf) + C = (tanflxq_L)_'_C

241

N | =

= 3/ (1+cos20)df =% (6+ 3sin26) +C
= %(sinflquu\/l qu) +C Ry
= %[sin_l(J:—l)—l—(ac—l)\/Zx—mQ}+C f
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= SECTION 6.2 TRIGONOMETRIC INTEGRALS AND SUBSTITUTIONS

57. f (v) = (4—2%)*?on[0,2] =

fave = 325 f02 (4— :c2)3/2 dz. Letz = 2sinf =

3/2

dz =2cosfdf and (4 — 2*)”" = (2cos 0)*. So

foe = 3 [T/2 (2c0s0)* 2cos0dh = 8 [7/% cos* 0 do

=8 (26 + Lsin26 + & sin4d6]
[by Archived Problem 6.2.7]

=8[(3+0+0)—(0+0+0)] = ¥



