
1–33 ■ Determine whether each integral is convergent or
divergent. Evaluate those that are convergent.
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; 34–37 ■ Sketch the region and find its area (if the area is finite).

34.

35.

36.

37.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

38–40 ■ Use the Comparison Theorem to determine whether the
integral is convergent or divergent.

38.

39.

40.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
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2 ■ SECTION 6.6 IMPROPER INTEGRALS

ANSWERS6.5

C l i c k  h e r e  f o r  s o l u t i o n s .SC l i c k  h e r e  f o r  e x e r c i s e s .E

1.
2√
5

2. 1

3. Divergent 4. Divergent

5. Divergent 6.
1
2

7. Divergent 8. Divergent

9. Divergent 10.
1
3

11. Divergent 12. Divergent

13.
π
4

14. 1

15. − ln 2
3

16. Divergent

17. Divergent 18. Divergent

19.
1
4
e2 20. 1

21.
π√
2

22.
1

ln 2

23. Divergent 24.
5
3

25. Divergent 26. Divergent

27. Divergent 28. 23/4

29. Divergent 30. 2

31.
π
6

32. Divergent

33.
4
3

34.

Area = 1

35.

Area is infinite

36.

Area is infinite

37.

Area = 4

38. Convergent 39. Convergent

40. Divergent
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SECTION 6.6 IMPROPER INTEGRALS ■ 3

SOLUTIONS6.6

C l i c k  h e r e  f o r  e x e r c i s e s .E

1.

∫ ∞

2

dx

(x+ 3)3/2
= lim

t→∞

∫ t

2

dx

(x+ 3)3/2

= lim
t→∞

[ −2√
x+ 3

]t
2

= lim
t→∞

[ −2√
t+ 3

+
2√
5

]
=

2√
5

2.
∫ ∞
0

e−x dx = lim
t→∞

∫ t

0
e−x dx = lim

t→∞

[−e−x
]t
0

= lim
t→∞

(−e−t + 1
)
= 1

3.
∫ ∞
−∞ x3 dx =

∫ 0

−∞ x3 dx+
∫ ∞
0

x3 dx, but∫ 0

−∞ x3 dx = lim
t→−∞

[
1
4
x4

]0
t
= lim

t→−∞

(− 1
4
t4
)

= −∞
Divergent

4. I =

∫ ∞

−∞

1
3
√
w − 5

dw

= lim
a→−∞

∫ 0

a

dw
3
√
w − 5

+ lim
b→5−

∫ b

0

dw
3
√
w − 5

+ lim
c→5+

∫ 10

c

dw
3
√
w − 5

+ lim
d→∞

∫ d

10

dw
3
√
w − 5

(The values 0 and 10 could be any pair of values

surrounding 5.) If any one of these four integrals diverges,

then I diverges, and (for example)

lim
d→∞

∫ d

10

dw
3
√
w − 5

= lim
d→∞

[
3
2
(w − 5)2/3

]d
10

= lim
d→∞

[
3
2
(d− 5)2/3 − 3

2
(5)2/3

]
= ∞

Thus, I is divergent.

5.

∫ ∞

2

dx√
x+ 3

= lim
t→∞

∫ t

2

dx√
x+ 3

= lim
t→∞

[
2
√
x+ 3

]t
2

= lim
t→∞

(
2
√
t+ 3− 2

√
5
)
= ∞

Divergent

6.

∫ 1

−∞

dx

(2x− 3)2
= lim

t→−∞

1

2

∫ 1

t

2 dx

(2x− 3)2

= lim
t→−∞

1

2

[
− 1

2x− 3

]1
t

= lim
t→−∞

[
1

2
+

1

2 (2t− 3)

]
=

1

2

7.

∫ −1

−∞

dx
3
√
x− 1

= lim
t→−∞

∫ −1

t
(x− 1)−1/3 dx

= lim
t→−∞

[
3
2
(x− 1)2/3

]−1

t

= lim
t→−∞

[
3
2

3
√
4− 3

2
(t− 1)2/3

]
= −∞

Divergent

8.
∫ ∞
−∞ x dx =

∫ 0

−∞ xdx+
∫∞
0

xdx and∫ 0

−∞ x dx = lim
t→−∞

[
1
2
x2

]0
t
= lim

t→−∞

(− 1
2
t2
)
= −∞.

Divergent

9.
∫ ∞
−∞

(
2x2 − x+ 3

)
dx

=
∫ 0

−∞

(
2x2 − x+ 3

)
dx+

∫ ∞
0

(
2x2 − x+ 3

)
dx

but∫ 0

−∞

(
2x2 − x+ 3

)
dx = lim

t→−∞

[
2
3
x3 − 1

2
x2 + 3x

]0
t

= lim
t→−∞

[− 2
3
t3 + 1

2
t2 − 3t

]
= ∞

Divergent

10.
∫ 0

−∞ e3x dx = lim
t→−∞

∫ 0

t
e3x dx = lim

t→−∞

[
1
3
e3x

]0
t

= lim
t→−∞

[
1
3
− 1

3
e3t

]
= 1

3

11.
∫ ∞
1

sinπxdx = lim
t→∞

− 1
π
[cosπx]t1

= − 1
π

lim
t→∞

(cosπt+ 1)

which does not exist. Divergent

12.

∫ ∞

0

5 dx

2x+ 3
=

5

2
lim
t→∞

∫ t

0

2 dx

2x+ 3

= 5
2
lim
t→∞

[ln (2x+ 3)]t0

= 5
2
lim
t→∞

[ln (2t+ 3)− ln 3] = ∞
Divergent

13.

∫ 3

−∞

dx

x2 + 9
= lim

t→−∞

[
1
3
tan−1

(
1
3
x
)]3

t

= lim
t→−∞

1
3

[
π
4
− tan−1

(
1
3
t
)]

= 1
3

(
π
4
+ π

2

)
= π

4

14.

∫ ∞

e

dx

x (lnx)2
= lim

t→∞

∫ t

e

dx

x (lnx)2
= lim

t→∞

[
− 1

lnx

]t
e

= lim
t→∞

[
1− 1

ln t

]
= 1

15.

∫ ∞

0

dx

(x+ 2) (x+ 3)
= lim

t→∞

∫ t

0

[
1

x+ 2
− 1

x+ 3

]
dx

= lim
t→∞

[
ln

(
x+ 2

x+ 3

)]t
0

= lim
t→∞

[
ln

(
t+ 2

t+ 3

)
− ln 2

3

]
= ln 1− ln 2

3
= − ln 2

3
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4 ■ SECTION 6.6 IMPROPER INTEGRALS

16.

∫ ∞

0

xdx

(x+ 2) (x+ 3)
= lim

t→∞

∫ t

0

[ −2

x+ 2
+

3

x+ 3

]
dx

= lim
t→∞

[3 ln (x+ 3)− 2 ln (x+ 2)]t0

= lim
t→∞

[
ln

(t+ 3)3

(t+ 2)2
− ln 27

4

]
= ∞

Divergent

17.
∫ ∞
0

cosxdx = lim
t→∞

[sinx]t0 = lim
t→∞

sin t, which does not

exist. Divergent

18.
∫ π/2

−∞ sin 2θ dθ = lim
t→−∞

∫ π/2

t
sin 2θ dθ

= lim
t→−∞

[− 1
2
cos 2θ

]π/2

t

= lim
t→−∞

(
1
2
+ 1

2
cos 2t

)
This limit does not exist, so the integral is divergent.

19.
∫ 1

−∞ xe2x dx = lim
t→−∞

∫ 1

t
xe2x dx

= lim
t→−∞

[
1
2
xe2x − 1

4
e2x

]1
t

(by parts)

= lim
t→−∞

[
1
2
e2 − 1

4
e2 − 1

2
te2t + 1

4
e2t

]
= 1

4
e2 − 0 + 0 = 1

4
e2 since

lim
t→−∞

te2t = lim
t→−∞

t

e−2t

H

= lim
t→−∞

1

−2e−2t

= lim
t→−∞

− 1
2
e2t = 0

20.
∫ ∞
0

xe−x dx = lim
t→∞

[−xe−x − e−x
]t
0

= lim
t→∞

[
1− (t+ 1) e−t

]
= 1− lim

t→∞

t+ 1

et
H

= 1− lim
t→∞

1

et

= 1− 0 = 1

21.

∫ ∞

−∞

dx

x2 + 4x+ 6

=

∫ 0

−∞

dx

(x+ 2)2 + 2
+

∫ ∞

0

dx

(x+ 2)2 + 2

Now∫ 0

−∞

dx

(x+ 2)2 + 2
= lim

t→−∞

1√
2

[
tan−1

(
x+ 2√

2

)]0
t

= lim
t→−∞

1√
2

[
tan−1

√
2− tan−1

(
t+ 2√

2

)]

= 1√
2

(
tan−1

√
2 + π

2

)
and∫ ∞

0

dx

(x+ 2)2 + 2
= lim

t→∞

1√
2

[
tan−1

(
x+ 2√

2

)]t
0

= 1√
2

(
π
2
− tan−1

√
2
)

Therefore,

∫ ∞

−∞

dx

x2 + 4x+ 6
=

π√
2
.

22.

∫ ∞

0

dx

2x
= lim

t→∞

∫ t

0
2−x dx = lim

t→∞

[
− 1

ln 2
2−x

]t
0

=
1

ln 2
lim
t→∞

(
1− 2−t

)
=

1

ln 2

23.

∫ 2

0

dx

4x− 5
=

∫ 5/4

0

dx

4x− 5
+

∫ 2

5/4

dx

4x− 5
. But

∫ 5/4

0

dx

4x− 5
= lim

t→5/4−

[
1

4
ln |4x− 5|

]t
0

= lim
t→5/4−

1
4
[ln |4t− 5| − ln 5] = −∞

Divergent

24.

∫ 5

4

dx

(5− x)2/5
= lim

t→5−

[
− 5

3
(5− x)3/5

]t
4

= lim
t→5−

[
− 5

3
(5− t)3/5 + 5

3

]
= 0 + 5

3
= 5

3

25.
∫ π/2

π/4
sec2 x dx = lim

t→π/2−
[tanx]tπ/4

= lim
t→π/2−

(tan t− 1) = ∞
Divergent

26.
∫ π/2

π/4
tan2 xdx = lim

t→π/2−

∫ t

π/4

(
sec2 x− 1

)
dx

= lim
t→π/2−

[tanx− x]tπ/4

= π
4
− 1 + lim

t→π/2−
(tan t− t) = ∞

Divergent

27.
∫ π/4

0
csc2 t dt = lim

s→0+

∫ π/4

s
csc2 t dt

= lim
s→0+

[− cot t]π/4
s

= lim
s→0+

[− cot π
4
+ cot s

]
= ∞

Divergent

28.

∫ π/4

0

cosx dx√
sinx

= lim
t→0+

∫ π/4

t

cosxdx√
sinx

= lim
t→0+

[
2
√
sinx

]π/4

t

= lim
t→0+

(
2
√

1√
2
− 2

√
sin t

)
= 2

√
1√
2
= 2

21/4
= 23/4
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SECTION 6.6 IMPROPER INTEGRALS ■ 5

29.

∫ 2

−2

dx

x2 − 1
=

∫ −1

−2

dx

x2 − 1
+

∫ 0

−1

dx

x2 − 1

+

∫ 1

0

dx

x2 − 1
+

∫ 2

1

dx

x2 − 1

and∫
dx

x2 − 1
=

∫
dx

(x− 1) (x+ 1)
=

1

2
ln

∣∣∣∣x− 1

x+ 1

∣∣∣∣+ C, so

∫ 1

0

dx

x2 − 1
= lim

t→1−

[
1

2
ln

∣∣∣∣x− 1

x+ 1

∣∣∣∣
]t
0

= lim
t→1−

1

2
ln

∣∣∣∣ t− 1

t+ 1

∣∣∣∣
= −∞

Divergent

30.

∫ 2

0

xdx√
4− x2

= lim
t→2−

∫ t

0

xdx√
4− x2

= lim
t→2−

[
−
√

4− x2
]t
0
= lim

t→2−

(
2−

√
4− t2

)
= 2

31.

∫ 9

0

dx

(x+ 9)
√
x
= lim

t→0+

∫ 9

t

dx

(x+ 9)
√
x

= lim
t→0+

∫ 3√
t

2udu

(u2 + 9)u
(u =

√
x, x = u2, dx = 2udu)

= lim
t→0+

∫ 3

√
t

2 du

u2 + 9
= lim

t→0+

[
2
3
tan−1 ( 1

3
u
)]3

√
t

=
2

3

(π
4

)
=

π

6

32.
∫ 3π/4

π/4
tanx dx =

∫ π/2

π/4
tanxdx+

∫ 3π/4

π/2
tanxdx

But∫ π/2

π/4
tanx dx = lim

t→(π/2)−
[ln |secx|]tπ/4

= lim
t→(π/2)−

[
ln (sec t)− ln

√
2
]
= ∞

Divergent

33. Let u = lnx. Then du =
dx

x
⇒∫ e

1

dx

x 4
√
lnx

= lim
t→1+

∫ e

t

dx

x 4
√
lnx

= lim
t→1+

∫ 1

ln t

du
4
√
u

= lim
t→1+

[
4
3
u3/4

]1
ln t

= lim
t→1+

{
4
3

[
1− (ln t)3/4

]}
= 4

3

34.

We integrate by parts with u = lnx, dv =
(
1/x2

)
dx,

du = dx/x, v = −1/x:∫ ∞

1

lnx

x2
dx = lim

t→∞

([
− 1

x
lnx

]t
1

+

∫ t

1

1

x2
dx

)

= lim
t→∞

(
− ln t

t
− 1

t
+ 1

)
= 1

35.

Area=

∫ ∞

0

dx√
x+ 1

= lim
t→∞

[
2
√
x+ 1

]t
0
= ∞, so the area

is infinite.

36.

∫ π

0
tanx secx dx

=
∫ π/2

0
tanx secxdx+

∫ π

π/2
tanx secxdx

But∫ π/2

0
tanx secx dx = lim

t→(π/2)−

∫ t

0
tanx secxdx

= lim
t→(π/2)−

[secx]t0 = lim
t→(π/2)−

(sec t− 1) = ∞

Divergent

37.

Area =

∫ 7

3

dx√
x− 3

= lim
t→3+

[
2
√
x− 3

]7
t

= 4− lim
t→3+

2
√
t− 3 = 4− 0 = 4

38.
sin2 x

x2
≤ 1

x2
on [1,∞).

∫ ∞

1

dx

x2
is convergent by

Equation 2, so

∫ ∞

1

sin2 x

x2
dx is convergent by the

Comparison Theorem.

39.
1√

x3 + 1
≤ 1

x3/2
on [1,∞).

∫ ∞

1

dx

x3/2
converges by

Equation 2, so

∫ ∞

1

dx√
x3 + 1

is convergent by the

Comparison Theorem.

40.

√
1 +

√
x√

x
>

1√
x
on [1,∞).

∫ ∞

1

dx√
x
is divergent by

Equation 2 with p = 1
2
≤ 1, so

∫ ∞

1

√
1 +

√
x√

x
dx is

divergent by the Comparison Theorem.
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