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7.7

DIFFERENTIAL EQUATIONS

SECTION 7.7 DIFFERENTIAL EQUATIONS = |

B Click here for answers.

1-8 = Solve the differential equation.

d

- y?
dx

3.y =uxy

5. x%'+y=0
du ut2t
—=e
dt

2. yy' =x

4 dy  x+sinx

T odx 3y?

6. v — Inx

Y xy + xy?

8. X1 t

.= —x - Ix
dt

9-14 = Find the solution of the differential equation that satisfies

the given initial condition.

dy 1+x
9. — = s >0, 1
e P y(1)
d
10 xe ' & = t, x(0)=1

dt

=4

d
M.ox+ 2y/a2 £ 1 d—y=0, y(0) =1
X

3x?

12, &y = 2) =
e’y 1+y,y() 0
du 2t+ 1

13, 8 = 2L 0= -1
dr 2w —1) u(0)
dy ty + 3t

14, & — 2) =2
i~ rr Y®

15. Solve the initial-value problem

graph the solution.

y' = ysin x, y(0) = 1, and

16. Find a function fsuch that f'(x) = x>f(x) and f(0) = 1.

17. Find a function g such that g'(x) = g(x)(1 + g(x)) and

g(0) = 1.

X

18. A direction field for the differential equation y’ =y — ¢ " is
shown. Sketch the graphs of the solutions that satisfy the given

initial conditions.
(a) y(0) =0
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(b) y(0) =1

(c) y(0) = —1
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B Click here for solutions.

19. (a) A direction field for the differential equation
y' = 2y(y — 2) is shown. Sketch the graphs of the
solutions that satisfy the given initial conditions.

@ yO0) =1 @) y0) =25 (i) y0) = —1

(b) Suppose the initial condition is y(0) = c. For what values
of ¢ is lim,_... y(¢) finite? What are the equilibrium

solutions?
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20-21 = Sketch a direction field for the differential equation. Then
use it to sketch three solution curves.

20. y'=x—y 21 y = xy +y°

22-25 = Sketch the direction field of the given differential equa-
tion. Then use it to sketch a solution curve that passes through the
given point.

22. y' =y (0,1) 23. y'=x+y, (1,1)
24. y'=x>+y% (0,0) 25. y'=y(4 —y), (0,1)
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7.7 | ANSWERS

A Click here for exercises. B Click here for solutions.
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8. r=1+Ce ( /+) ANV RNV
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9. y2 =2Ilnz + 2z + 14
72//4(//0
1101
10 z2=+/2(t—1)et +3 INRARRER!

My>=2—va2+1
12, ye¥ =2° — 8

B.u=1—Vt2+t+4

4. y=—-3++/5t2+5
15. Y= e17cosz
8
—4ar 4ar
0
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7.7 | SOLUTIONS

SECTION 7.7 DIFFERENTIAL EQUATIONS = 3

A Click here for exercises.

I.le—yzy2 = d—g:dm(y;éO) = /d—g:/dm
xr Yy Yy

-1
xz+C

1
= —E:x+c = —y= = y= )

z+C

and y = 0 is also a solution.

Lyy =z = [ydy= [zdz =
=1 +C = y¥=2"+201 =
z? —y? = C (where C = —2C4). This represents a family
of hyperbolas.

.y =xy = /d—yy:/xdx (y#0) =

2
ln\y|=%—|—0 = |y|:ece’”2/2 = y:Kezz/z,

where K = +¢€ is a constant. (In our derivation, K was
nonzero, but we can restore the excluded case y = 0 by

allowing K to be zero.)

@ _ x+sinz
de 32

2

ysz%—cosx—&—C = y= {122 —cosz+C

d
.22 +y=0 = & __Y 4

der a2
dy [ —dz
y ) a?
ly| = efel/® = y=Ce

= [3y’dy= [(z +sinz)dr =

1
W#0 = hlyl=-+K =

1/ where now we allow C' to

be any constant.

, Inz Inz

Tyt z(y+yd)

/(y+y3)dy:/ln7xdm =
2 4

5 Z:%(lnz)Q—FC& =
y* 4+ 22 =2(nx)? +20, =

(v> + 1)2 =2(Inz)> + K (where K =2C; + 1)

Ll
<

<
<

= PP +1= 2(lnx)2—|—K

d
1. d_ItL = Wt — U2 = Je du = feztdt =

—e " =L1¥+C1 = e “=-2"+C (where
C = —(C1 and the right-hand side is positive, since e™* > 0)

= —uzln(C’—%eZt) = uz—ln(C—%ezt)

. ely =

Z_fzut—x—m:(ut)u—x) -

/ dz :/(1+t)dt (x#1) =

1—=x

*1H|1*x|:%t2+t+C = |17x|:e—(t2/2+t+c’)
= 1—g =4 (/2H40)
x=1+ Ae—(t2/2+i) (Where A= :l:eC or 0)

dy 1+
- = 0,y (1) = —4.
- T >0y ()

/ydy:/1+“dm=/(1+1>dx =
T x
1y’ =Infz|+2+C =Inz+x+ C (since z > 0).

yH=-4 = EL—miti+0 =
8=0+1+C = C=T7s0y?>=2Inz+2z+14.

Lze ' — =t,z(0)=1 [zdr= [te'dt =

2 = (t — 1) e" + C [integration by parts or Formula 96].

(0)=1,s0%=(0—-1)e’+Cand C = . Thus,
2=2(t—-1e"+3 = x2=,/2(—1)e +3[usethe
positive square root since z (0) = +1].

.x+2y\/w2+1j—ays:0 = xzdr+2yvax?2+1dy=0,

rdx
Va2 +1
V¥=-vV2+1+C.y0)=1 = 1=-14+C =
C=25s0y*=2—x2+1.

y(O):l./2ydy:—

32

1+y,y(2):O.fey(1+y)dy:f3x2d:r =

ye! =2 +C.y(2)=0,500=2%+Cand C = —8.
Thus ye¥ = 2° — 8.

du _ _2t+1 u(0) = —1.

"t 2(w—1)

J2u—-1)du=[(2t+1)dt =

u? —2u=1t*+t+C. u(0) = —1so0

(-1)> =2(=1) = 0?4+ 0+ C and C = 3. Thus
u? — 2u = t* + t + 3; the quadratic formula gives

u=1—Vt2+t+4

dy ty+3t _ t(y+3)

Tdt T t24+1 0 241 °

dy tdt
2)=2 [ —L =
v(@ y+3 /t2+1

Injy+3[=3In(?+1)+C = y+3=AVE2+1
y(2)=2 = 5=A/5 = A=5 =
y=—3++/5t> +5.
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(iii) y
dy Frrrrrrrprrrrrrnd
IS.y':ysinxy(()):l_ — = [ sinzdr < AR RER YRR
’ Yy Lrrrrrryrrrrrrr
C LSS SN
Inly| = —cosz+C = |yl =e 5t = e NN
_cosz 1 1 AR S A S S S NN
y(x) = Ae .y(0)=Ae™" =1 & A=e,s0 ANV
_cosx 1_cos z AR S A S S S NN
y=e-e =e . R RN
8 72‘//4‘{//0ﬁ///é X
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(b) For ¢ < 2, tlim y (t) is finite. In fact, if ¢ = 2 then
— 00
lim y (¢) = 2 and if ¢ < 2 then lim y (¢) = 0. The
4 4 t—oo t—00
i 0 equilibrium solutions are y = 0 and y = 2.
dy dy

16. Lety = f (). Then —=

(ify # 0), SO/d—; = /w3 drandInly| = 12* + C;

y(0)=1 = C=0,s0lnyl=1z* |y| =" /*and

dx

y=f(z)= ot/ [since y (0) = 1].

17. Lety = g (x). Then % =y(l+y)andy(0) =1.

= 2%y and y (0) = 1.

=z3de ,
20 v =xz—y

d 1 1
/—y: dz = —e— )dy= [ dx
y(1+y) l+y
= hjy-nhjl+yl=z+C = L 9. o — 2
14y Y =y ty
y
= —— = Ae". 0)=1 = i=A 50
T+ y (0) 5 =4,
=
Yy e
—— = —. Solve fory: y =
I+y 2 vy=5-
(b) y
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