
1–14 ■ Test the series for convergence or divergence.

1.

2.

3.

4. 5.

6. 7.

8. 9.

10. 11.

12. 13.

14.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

15–18 ■ Approximate the sum of the series to the indicated 
accuracy.

15. (four decimal places)

16. (four decimal places)

17. (four decimal places)

18. (five decimal places)

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
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19–38 ■ Determine whether the series is absolutely convergent,
conditionally convergent, or divergent.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

31. 32.

33. 34.

35. 36.

37.

38.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■
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C l i c k  h e r e  f o r  a n s w e r s .A C l i c k  h e r e  f o r  s o l u t i o n s .S

OTHER CONVERGENCE TESTS8.4
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2 ■ SECTION 8.4 OTHER CONVERGENCE TESTS

C l i c k  h e r e  f o r  s o l u t i o n s .SC l i c k  h e r e  f o r  e x e r c i s e s .E

ANSWERS8.4

1. Convergent

2. Convergent

3. Divergent

4. Convergent

5. Convergent

6. Divergent

7. Convergent

8. Convergent

9. Divergent

10. Divergent

11. Divergent

12. Convergent

13. Convergent

14. Convergent

15. 0.8415

16. 0.5403

17. 0.6065

18. 0.98555

19. Absolutely convergent

20. D ive rg e n t

21. Absolutely convergent

22. Absolutely convergent

23. Absolutely convergent

24. Absolutely convergent

25. D ive rg e n t

26. D ive rg e n t

27. Absolutely convergent

28. D ive rg e n t

29. Absolutely convergent

30. Absolutely convergent

31. Absolutely convergent

32. Absolutely convergent

33. D ive rg e n t

34. Absolutely convergent

35. D ive rg e n t

36. Absolutely convergent

37. Absolutely convergent

38. D ive rg e n t

Co
py

rig
ht

 ©
 2

01
3,

 C
en

ga
ge

 L
ea

rn
in

g.
 A

ll 
rig

ht
s 

re
se

rv
ed

.



SECTION 8.4 OTHER CONVERGENCE TESTS ■ 3

C l i c k  h e r e  f o r  e x e r c i s e s .E

SOLUTIONS8.4

1.

∞∑

n=1

(−1)n−1 3

n+ 4
. bn =

3

n+ 4
> 0 and bn+1 < bn for

all n; lim
n→∞

bn = 0 so the series converges by the Alternating

Series Test.

2. −5 +
∞∑

n=0

(−1)n−1 5

3n+ 2
. bn =

5

3n+ 2
is decreasing and

positive for all n, and lim
n→∞

5

3n+ 2
= 0 so the series

converges by the Alternating Series Test.

3.

∞∑

n=1

(−1)n
n

n+ 1
. lim
n→∞

n

n+ 1
= 1 so lim

n→∞

(−1)n
n

n+ 1

does not exist and the series diverges by the

Test for Divergence.

4.

∞∑

n=1

(−1)n−1 1

n2
. bn =

1

n2
> 0 and bn+1 < bn for all n,

and lim
n→∞

1

n2
= 0, so the series converges by the Alternating

Series Test.

5.

∞∑

n=1

(−1)n√
n+ 3

. bn =
1√

n+ 3
is positive and decreasing, and

lim
n→∞

1√
n+ 3

= 0, so the series converges by the

Alternating Series Test.

6.

∞∑

n=1

(−1)n+1 n

5n+ 1
. lim
n→∞

n

5n+ 1
=

1

5
so

lim
n→∞

(−1)n+1 n

5n+ 1
does not exist and the series diverges

by the Test for Divergence.

7.

∞∑

n=2

(−1)n−1

n lnn
. bn =

1

n lnn
is positive and decreasing for

n ≥ 2, and lim
n→∞

1

n lnn
= 0 so the series converges by the

Alternating Series Test.

8.

∞∑

n=1

(−1)n
n

n2 + 1
. bn =

n

n2 + 1
> 0 for all n.

bn+1 < bn ⇔ n+ 1

(n+ 1)2 + 1
<

n

n2 + 1
⇔

(n+ 1)
(
n2 + 1

)
<

[
(n+ 1)2 + 1

]
n ⇔

n3 + n2 + n+ 1 < n3 + 2n2 + 2n ⇔
0 < n2 + n− 1, which is true for all n ≥ 1. Also

lim
n→∞

n

n2 + 1
= lim

n→∞

1/n

1 + 1/n2
= 0. Therefore the series

converges by the Alternating Series Test.

9.

∞∑

n=1

(−1)n
n2

n2 + 1
. lim
n→∞

n2

n2 + 1
= 1, so

lim
n→∞

(−1)n
n2

n2 + 1
does not exist. Thus the series diverges

by the Test for Divergence.

10. an = (−1)n
2n

4n+ 1
, so |an| = 2n

4n+ 1
→ 1

2
as n → ∞.

Therefore, lim
n→∞

an �= 0 (in fact the limit does not exist) and

the series

∞∑

n=1

(−1)n
2n

4n+ 1
diverges by the Test for

Divergence.

11. an = (−1)n−1 2n2

4n2 + 1
, so |an| = 2n2

4n2 + 1
→ 1

2
as

n → ∞. Therefore, lim
n→∞

an �= 0 (in fact the limit does not

exist) and the series

∞∑

n=1

(−1)n−1 2n2

4n2 + 1
diverges by the

Test for Divergence.

12.

∞∑

n=1

(−1)n−1

√
n

n+ 4
. bn =

√
n

n+ 4
> 0 for all n. Let

f (x) =

√
x

x+ 4
. Then f ′ (x) =

4− x

2
√
x (x+ 4)2

< 0

if x > 4, so {bn} is decreasing after n = 4.

lim
n→∞

√
n

n+ 4
= lim

n→∞

1√
n+ 4/

√
n

= 0. So the series

converges by the Alternating Series Test.

13.

∞∑

n=1

(−1)n+1 n

2n
. bn =

n

2n
> 0 and bn ≥ bn+1 ⇔

n

2n
≥ n+ 1

2n+1
⇔ 2n ≥ n+ 1 ⇔ n ≥ 1 which is

certainly true. lim
n→∞

(n/2n) = 0 by l’Hospital’s Rule, so the

series converges by the Alternating Series Test.

14.
1

3
√
lnn

decreases and lim
n→∞

1
3
√
lnn

= 0, so by the

Alternating Series Test the series converges.

15.

∞∑

n=1

(−1)n−1

(2n− 1)!
. b5 =

1

(2 · 5− 1)!
=

1

362,880
< 0.00001,

so

∞∑

n=1

(−1)n−1

(2n− 1)!
≈

4∑

n=1

(−1)n−1

(2n− 1)!
≈ 0.8415.

16. b4 =
1

(2 · 4)! =
1

40,320
≈ 0.000025 and

s3 = 1− 1

2
+

1

24
− 1

720
≈ 0.54028, so, correct to four

decimal places,

∞∑

n=0

(−1)n

(2n)!
≈ 0.5403.
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4 ■ SECTION 8.4 OTHER CONVERGENCE TESTS

17. b6 =
1

266!
=

1

46,080
≈ 0.000022 < 0.0001, so

∞∑

n=0

(−1)n

2nn!
≈

5∑

n=0

(−1)n

2nn!
≈ 0.6065.

18. b8 = 1/86 ≈ 0.0000038 < 0.00001 and

s7 = 1− 1

64
+ 1

729
− 1

4096
+ 1

15,625
− 1

46,656
+ 1

117,649

≈ 0.9855537

so correct to five decimal places,

∞∑

n=1

(−1)n−1

n6
≈ 0.98555.

19.
∞∑

n=1

1

n
√
n

=
∞∑

n=1

1

n3/2
is a convergent p-series (p = 3

2
> 1),

so the given series is absolutely convergent.

20. Using the Ratio Test,

lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣ (−3)n+1 / (n+ 1)3

(−3)n /n3

∣∣∣∣
= 3 lim

n→∞

(
n

n+ 1

)3

= 3 > 1

so the series diverges.

21. Using the Ratio Test, lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ =
lim

n→∞

∣∣∣∣ (−3)n+1 / (n+ 1)!

(−3)n /n!

∣∣∣∣ = 3 lim
n→∞

1

n+ 1
= 0 < 1, so

the series is absolutely convergent.

22. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

n!

(n+ 1)!
= lim

n→∞

1

n+ 1
= 0 < 1, so

the series

∞∑
n=1

(−1)n−1

n!
is absolutely convergent by the Ratio

Test.

23.
1

n2 + 1
<

1

n2
and

∞∑
n=1

1

n2
converges (p = 2 > 1), so

∞∑
n=1

1

n2 + 1
converges absolutely by the Comparison Test.

24 . lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

1 /[(2n+ 1)!]

1 /[(2n− 1)!]

= lim
n→∞

1

(2n+ 1) 2n
= 0

so by the Ratio Test the series is absolutely convergent.

25. lim
n→∞

2n

3n− 4
=

2

3
, so

∞∑
n=1

(−1)n
2n

3n− 4
diverges by the

Test for Divergence.

26. lim
n→∞

(−1)n
2n

n2 + 1
does not exist, so

∞∑
n=1

(−1)n
2n

n2 + 1

diverges by the Test for Divergence.

27. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣
2n+1

/[
(n+ 1) 3n+2

]
2n /(n3n+1)

∣∣∣∣∣
=

2

3
lim

n→∞

n

n+ 1
=

2

3
< 1

so the series converges absolutely by the Ratio Test.

28. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣
5n

/[
(n+ 2)2 4n+3

]
5n−1

/[
(n+ 1)2 4n+2

]
∣∣∣∣∣

=
5

4
lim

n→∞

(
n+ 1

n+ 2

)2

=
5

4
> 1

so the series diverges by the Ratio Test.

29. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

(n+ 2) 5n+1
/[

(n+ 1) 32(n+1)
]

(n+ 1) 5n /(n32n)

= lim
n→∞

5n (n+ 2)

9 (n+ 1)2
=

5

9
< 1

so the series converges absolutely by the Ratio Test.

30.

∣∣∣∣ sin 2nn2

∣∣∣∣ ≤ 1

n2
and

∞∑
n=1

1

n2
converges (p-series, p = 2 > 1),

so

∞∑
n=1

sin 2n

n2
converges absolutely by the Comparison Test.

31.
arctann

n3
<

π/2

n3
and

∞∑
n=1

π/2

n3
converges (p = 3 > 1), so

∞∑
n=1

(−1)n
arctann

n3
converges absolutely by the

Comparison Test.

32.
∣∣∣cos nπ

6

∣∣∣ ≤ 1, so since

∞∑
n=1

1

n
√
n

converges (p = 3
2
> 1),

the given series converges absolutely by the Comparison

Test.

33. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

(n+ 1)!/10n+1

n!/10n
= lim

n→∞

n+ 1

10

= ∞
so the series diverges by the Ratio Test.

34. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣
[
8− (n+ 1)3

]/
[(n+ 1)!]

(8− n3)/ (n!)

∣∣∣∣∣
= lim

n→∞

1

n+ 1

∣∣∣∣8− (n+ 1)3

8− n3

∣∣∣∣ = 0 < 1

so the series converges absolutely by the Ratio Test.

35. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

(n+ 1)n+1 /52n+5

nn /52n+3

= lim
n→∞

1

25

(
n+ 1

n

)n

(n+ 1) = ∞
so the series diverges by the Ratio Test.
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SECTION 8.4 OTHER CONVERGENCE TESTS ■ 5

36. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣ (−2)n+1 (n+ 1)2 /[(n+ 3)!]

(−2)n n2 /[(n+ 2)!]

∣∣∣∣
= lim

n→∞

2 (n+ 1)2

n2 (n+ 3)
= 0 < 1

so the series converges absolutely by the Ratio Test.

37. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

(n+ 3)!
/[

(n+ 1)!10n+1
]

(n+ 2)! /(n!10n)

=
1

10
lim

n→∞

n+ 3

n+ 1
=

1

10
< 1

so the series converges absolutely by the Ratio Test.

38. lim
n→∞

∣∣∣∣an+1

an

∣∣∣∣ = lim
n→∞

∣∣∣∣∣∣∣∣

1 · 4 · 7 · · · · · (3n− 2) (3n+ 1)

3 · 5 · 7 · · · · · (2n+ 1) (2n+ 3)

1 · 4 · 7 · · · · · (3n− 2)

3 · 5 · 7 · · · · · (2n+ 1)

∣∣∣∣∣∣∣∣
= lim

n→∞

3n+ 1

2n+ 3
=

3

2
> 1

so the series diverges by the Ratio Test.
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