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SECTION 8.7 TAYLOR AND MACLAURIN SERIES = |

8.7 | TAYLOR AND MACLAURIN SERIES

B Click here for answers.

1-2 = Find the Maclaurin series for f(x) using the definition of
a Maclaurin series. [Assume that f has a power series expansion.
Do not show that R,(x) — 0.] Also find the associated radius of
convergence.

1 X

I.f(x):m Z-f(x)zlix

3-6 = Find the Taylor series for f(x) centered at the given value of
a. [Assume that f has a power series expansion. Do not show that
R.(x) = 0.]

3. f=1/x, a=1 4. f)=Vx, a=4
5 f(x) =sinx, a= m/4 6. f(x) =cosx, a= —m/4

7-13 = Use a Maclaurin series derived in this section to obtain the
Maclaurin series for the given function.

7. f(x) =e* 8. f(x) = sin2x
9. f(x) = x*cosx 10. f(x) = cos(x?)

1. f(x) = xsin(x/2) 12. f(x) = xe™*
Lo eosy i v s 0

13. f(x) = x?
3 if x=0

14-15 = Find the Maclaurin series of f (by any method) and its

radius of convergence. Graph f and its first few Taylor polynomials
on the same screen. What do you notice about the relationship
between these polynomials and f?

14. f(x) = 1//1 + 2x I5. f(x) = (1 +x)°

16. Find the Maclaurin series for In(1 + x) and use it to calculate
In 1.1 correct to five decimal places.

17-18 = Evaluate the indefinite integral as an infinite series.
17. fsin(xz)dx 18. fe*zdx
n n

B Click here for solutions.

19-20 = Use series to approximate the definite integral correct to
three decimal places.

19. fol sin(x?) dx 20. LO'S cos(x?) dx

21. Use multiplication or division of power series to find the first
three nonzero terms in the Maclaurin series for

In(1 — x)
y=—-r %

X

e

22-24 = Find the sum of the series.

o x3n+] 00 xn+]
22. 23. —
n§2 n! ng() (n + 1)!
£ X"
24, —
,,20 2”(1’[ + 1)'

25. Show that e* > 1 + x for all x > 0.

26-31 = Use the binomial series to expand the function as a power
series. State the radius of convergence.

2. YT+ 12 27,

28, —(—— 29.

5
X
w(in)
1 —x

32. (a) Expand 1/4/1 + x as a power series.
(b) Use part (a) to estimate 1/+/1.1 correct to three decimal
places.

33. (a) Expand /8 + x as a power series.
(b) Use part (a) to estimate +/8.2 correct to four decimal places.
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SECTION 8.7 TAYLOR AND MACLAURIN SERIES

8.7 | ANSWERS

A Click here for exercises.

,R=o

( 1)71 22n+1x2n+1

(2n+1)! R=

o)

(71)71 2n+2
< (2n+ 1)122n T

(_1)n71 .Tn
(n—11" "~

R=

e

-0.5

B Click here for solutions.

sy

T,

T,

16. 0.09531

( 1)77. 4n+3

T

7. C+Z (4n+3) (2n+ 1)!

3n+1

18. C+273n+1)n'

19. 0.310
. 0.497

N —x+ = ——+--

22.
23.

u 2 (ez/z - 1)

26.

27. x

28.

29. x
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%0. Z n+4 2" R=1

- (bn — 6) "

3. —1+= +Z4 9

32. (a)l-i-z -

(b) 0.953

B (@)2|1+ 5 +Z
n=2

(b) 2.0165

=1
57 . nl R
3.5 2n-1) ,
2n . nl z
"*1.2.5 ..... (3n —4) 2"
247 - n!
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8.7 | SOLUTIONS

A Click here for exercises.

Copyright © 2013, Cengage Learning. All rights reserved

n F () £ (0) n | fM@ | M
0 (1+2)72 1 0 zt/? 2
1,.-1/2 —2
1 —2(1+2)° —2 L g2 2
9 2.3(1+2)" 9.3 2 7%1;73/2 —27°
. x .
s 3 Sqm0/2 3.278
3 | —2-3-4(1+2) —2.3-4 A i5,-7/2 | 15,971
4 [ 2-3-4-51+2)°|2:3:4:5 -
n—1
(n) 4) — (—1) 1-3-5----- (2n — ) f >9
So f(n) ( )= (- 1)n( +1)!and £ (4) o3n—1 orn > 2,s0
o~ (=D n+1) o 4 S (-1)"1-3-5..- (2n — 3) N
"2:% \/E =2+ 4 + - 23n—1p| ( - 4)
=> ()" (n+1)z" lim | %ntt _z—4 lim 2n —1 :|a:—4|<1
n=0 n—oo | Qn 8 n—oo \ n+ 1 4
Ifa, = (—1)" (n+1) 2", then lim Ant1| _ ||, so for convergence, so |[x — 4| <4 = R=4.
R=1 5.
) n f(n) (l’) f(n) (%)
n £ (2) £ (0) 0 sinx V2/2
0 z/(1—1x) 0 1 cosw V2/2
1 (1 _1,)—2 1 2 —sinzx f\/§/2
9 2(1—2)° 9 3 —cosz | —/2/2
3| 320-2)* 3.2 4| sioe V2/2
4 | 4-3.2(1-2)° | 4-3-2 a0
sy s s 1 s 2
sinz = f(§) +f(§) (z—5) + =~ (- F)
3) (x 4) (=~
f(") =n! except whenn =0, so f (z) 3 f ( ) o\ 4
x” R e R )
x.hmn—:|x<1for vz x o\ 2
convergence, soR= 1. o\ 3 4
—w@—5) +a@-F) + ]
3. (n) (n) _ 2 1 w\2 1 w\4
n | 5@ [0 =P -F -9+ h @5~
-1 s w\3
o) @ ! 2D -F -9 ]
1 —x? -1 o
_ ﬁ 1\ 1 oz 2n
2 2273 2 o2 ngo( 2 LQ”" (v=%)
_ 2n+1
3 | -3.227* | -3.2 ok (- %) }
4 | 4-3.227°| 4-3-2 The series can also be written in the more elegant form
> (1 n(n—1)/2 _m\n
sinxzﬁz( ) (1: 4) VI
2 n!
So f(”) (—1)' n!, and n=0
o I Gt
L Z @-1" =3 (D" (@- 1" If an = — , then
n=0 ™
. An+1| . ’ - —| _
n = (_1)n (JZ _ l)n then lim % — ‘IE _ 1| < 1 for 'n,h—>oo —CLn = nh—>n<;o " =0<1 for all x, SO
R=o00

convergence, s0 0 < x < 2and R = 1.



Copyright © 2013, Cengage Learning. All rights reserved

6.
n [ @ [ (-3)
0 cosx %
1 —sinx %
2 —Ccosx 7@
3 sin x —g
4 cosx §

f('n) (_%) _ (_1)n(n71)/2 @5 so

o f(n) (_m
cosr = Z—f ( i) (m+1)n

with R = oo by the Ratio Test (as in Problem 5).

n

;o i (Ba)" _ f: 3"_“,’ with R = oo.
n=0 .

n! n

©  \n 2n+1 X 1\ 92n+1, 2n+1
gosinzp =y W G0 (D 2w

—  (2n+1) —~ (2n + 1)!
R =00
5 — 1)™ z2n ad 1" g2nt2?
9. x°cosx = nz::o( (2)n)' = ,;)( ()2n)! s
R =00
, o (_1)n 23 2n (1) 67
10. cos () :; (275)') :nz_:o( (Z)n)l': , R
Ty e (D) (z/2)
11. zsin (5) _JE;W
_ > (—1)" x2m+2 . _
= ;W with R = oo.
e S (—2)" = (=)t
12. ze —acnz_o(n!) —nz_o()T
St 1 n—1 _mn
:nz_:l((n)—l)' ,R=00
1—cosz _o o (=1)"z*"
1, Lot [17T§0 o }
o [7 = 1)%2"}
= (2n)!
& (c) g
_nZ::l (2n)!
IR Yl
ord (2n +2)!

since the series is equal to % when z = 0; R = oo.

s
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J" (@) £ (0)
(14 2z)~ /2 1
~1a+20)7%(2) -1

3(1+22)7°%(2)
-3-5(1+22)""%(2) | -3-5

w N = O3

> r(n)
(1+42z)7 Y% = Z 70 z"
— nl

i(—l)”l-B-S ----- (2n—1)mn

n!
n=0
n .2 1
lim |2 | = fim 22 |z| = 2|z| < 1 for
n—oo | Qn n—oo 1+ 1

convergence, so R = %
Another method: Use Exercise 33 from the text and

differentiate.
T, T, Ts f 4
. ~

T,

T,
-1 ‘::“ - 1
N\ AN
-0.5
_ 1d7T 1
15. z)=1+4z) 3 =-=—
P = et =g |
1d | n " from
T3 L;O(*l) (n+Da } {Problem 1]
1 (oo
=5 S ()
n=1
_ i (D" (n+1)(n+2)z"”
N 2
n=0
with R = 1 since that is the R in Problem 1.
f 10
~
T,
T,
T,
1
ST
\\
N\ N
-5 T3
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16.

17.

18.

19.

20.

In(1+x) :/16—?35

—C+Z

withC =0and R =1,s0ln(1.1) =

:/ i (=)™ 2™ dz

n=0

This is an alternating series with

(0.1)° .
bs = —— = 0.000002, so to five decimal places,
4 (=)™ 0.)"
mn~ s SN ODT 6 e531.
n=1 n
)2n+1
/sm d(E —/;) md
4n+2
- /% S
1)n 4n+3

_CJrZ 4n+3)(2n—|—1)

5 © 80+l
/em dx = =C+n§::0mwith
R = .

Using our series from Problem 17, we get

fnetyas =3 {(())ﬁ}

oo )'n
z:: 4n+3) (2n+1)!

and |c3| = < 0.000014, so by the

1
75,600
Alternating Series Estimation Theorem, we have

2

(—1)" 1 11

—:_,_ —  ~ 1
n —+ n+1)!

2(4 enti 3 a2 1320 0310

(correct to three decimal places).

9
but (8'54)' ~ 0.000009, so by the

Alternating Series Estimation Theorem,

05 2 (0.5)°
fo cos(:c)d =3l

~ 0.497 (correct to three

decimal places).

21.

22

23.

24,

25.

1,2 1.3
x+2x 3L +
1d o+ ip2 i3 00| —p— 12 1.3
2 6 2 3
2 1.3
—r— x°— 52° —
1,2 1.3
22"+ §T° —
1,2 1.3
280+ T+
1.3
3T+
1.3
—12% 4.

From Example 6 in Section 8.6, we have

In(l—2)=-z—32°— 22® — -, |z| < 1. Therefore,
_p— 2 1.3

_In(=2) o757 57 . So by the
er l4+z+ 322+ 2234

In(1— 2 58
long d1v1510nabove,¥:—m—l-%—%-&-“ ,
|z < 1.

% 3n+1 o0 (JCS)" o (x3>"

T _ _ 3
Z oy —1‘2 w7 Z a1l
n=2 n=2 n=0

=x ew3—1—a:3)by(11)
i M A
—(n+1! 1208l
2 3
T x
:<1+ﬂ+§+§+ -->—1
=e” —1by(11)
> z" e (/2" 2 (z/2)"
;2”(71—1—1)!_;(n—i—l)!_w;(n—kl)'
_2 (€/2)* | (¢/2)°
2
=
x
22 3 4
By (12), e” —1+x+§+3 +Z+ -, but forx > 0,

all of the terms after the first two on the RHS are positive, so
e® > 1+ xforx > 0.
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.2 B ED) ., B ED () 6
—1+?+ TR 3l z° +
o (D258 (3n —4) 2"
_1+?+nz::2 3nnl
with R =1
o [_1
2. 1+ (—=2)] 7 Z(ﬂf) (—z)"
n=0
_1y(_3
— 1 (4) (o TR e
z 1.3 1-3-5 1-3.5.7
Sl ey Ty C g
_ . 1:-3-5----- (2n—1) ,
,1+n§1 T
50 1(17_m:z+211~3-5 2nn'(2n 1) n+1wlth
R=1
_1/2_L z -1/2
8. (2+2) 2(1+2)
VB (E) 2y
=52 (7)) E)
_ V2 (2L (53) (53) (xy2
=5 | E) T 6)
V2 X (=1)"-1-3-5----(2n—1) 2"
T2 1+; 227 . p)
with [2/2] < 1so|z| < 2and R = 2
1/2 > —1 n
[ ()= 3 () ()
n=0
1y (_3
=14 () (o) + B
B 1-3-5-.--. (2n — 1) 2"
_1+nZ=:1 TR
2 o 3n+2
x o 1-3-5 -(2n—-1)z
v S T

with R = 1.

SECTION 8.7 TAYLOR AND MACLAURIN SERIES =

= z _ Z% (Z!J.r:ll[)!ng or
i m+1)(n+2)(n+3)(n+4)

2 "5, with R = 1.

_ T =4-9---(bn—6)z" . _
—_1+3+; S with R = 1.

2!
_1y(_3)(_5
LD
X (-1D)™1-3-5----- 2n—1) ,
R

(b) Take = = 0.1 in the above series.
1:3:5:7(0.1)* < 0.00003, so

244!

Al - 8+ 35 (0.1)7 - 5252 (0.1)° ~ 0.953
o2 D) 25 (3) ()
—2 e ()« S (3
L) (—3§!) (=3) (g)ﬁ
x| g S et
(b) (8+0.2) ”3=2[1 0—4— Qo + 2292 ]

~2 (144 - 5]

since 2 - 2250:2% () 000002, so /3.2 ~ 2.0165.

243 . 3!

7



