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SECTION 9.4 AREAS AND LENGTHS IN POLAR COORDINATES = |

9.4 | AREAS AND LENGTHS IN POLAR COORDINATES

D Click here for answers.

1-8 = Find the area of the region that is bounded by the given
curve and lies in the specified sector.

l.r=0 067

2.r=¢", —m/2<0<mu/2

3. r=2cosh, 0<6<m/6

4. r=1/6, w/6<0<57/6

5. r=sin20, 0<6< /6

6. r=cos30, —w/12<60< /12
7. r=3sin0, w/4<0<237m/4

8. r=20° w2<6<37/2

9-16 = Sketch the curve and find the area that it encloses.

9. r=>5sin 0 10. r=4 —sin 6
Il. r =sin 30 12. r=4(1 — cos6)
13. r=2cos 6 14. r=1+sin@
15. r =3 — cos 0 16. r = sin46

/A9 17. Graph the curve r = 2 + cos 60 and find the area that it
encloses.

. The curve with polar equation = 2 sin 6 cos*6 is called a
bifolium. Graph it and find the area that it encloses.
19-22 = Find the area of the region enclosed by one loop of

the curve.

19. » = cos 36 20. r = 3sin 260

B Click here for solutions.

21l. r =sin 56 22. r =2 + 3cos 6 (inner loop)

u n n L} u n n n L] n n
23-24 = Find the area of the region that lies inside the first curve

and outside the second curve.
23. r=1 — cos 6, r=%
24. r=3cosH, r=2 — cosf

25. Find the area inside the larger loop and outside the smaller loop
of the limagon r = 3 + 45sin 6.

26. Graph the hippopede r = /1 — 0.8 sin?6 and the circle

r = sin 6 and find the exact area of the region that lies inside
both curves.

27-32 = Find the length of the polar curve.
27. r=15cos 0, 0<0<3mw/4

28. r=2% 0=<6<2w

29. r=1+ cos 0

30 r=¢? 0<60<37m

31. r = cos*(0/4)

32. r = cos*(6/2)

33-34 = Use a calculator or computer to find the length of the
loop correct to four decimal places.

33. One loop of the four-leaved rose r = cos 26

34. The loop of the conchoid r = 4 + 2 sec 6
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9.4 | ANSWERS

A Click here for exercises. B Click here for solutions.
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3

A Click here for exercises.

A= [ 3r?do= [ 36°d6 = [;93};‘_

2 A= 7], 3t 0 = (3]0, = 4

f”/ﬁl (2cos6)? do = 7T/6(1Jrc0320) do

[o9+—s1n29r/6 —|—%

LA f57r/6 L(1/60) do = [-1/ (29)}?,%6 =352

5. A= [7/%1sin?20d0 = 1 [7/° (1 — cos 46) df

[ 60— —sm49]w/6 = %

6. A=2[ /121cos 30d0 =3 [ /12(1+c0560) do

=3[0+ —sm66]w/12_i4(7r+2)

1. A= 27" 1 (3sin0)* do =2 [7/7 2 (1 — cos20) df

7 /4 /4 4

=32 [9— —sm29]ﬁ/2 =

5 %(ﬂ+2)

8 A= [7721 (%)% dp = [£06°]°7/ = 12875

/2 2 /2 160

’
A= fo”g 5sin0)2 do =2 [T (1—cos26)do

= [0 — = s1n 20] =

4 TI'

_QIW//Q% 4_

sin6)? do
f";% (16 — 8sin 0 + sin® 0) do
_ fi{% (16 + sin® ) df [by Theorem 5.5.7(b)]
_ 9 fw/2 (16 + sin® @) df [by Theorem 5.5.7(a)]
=2[7?[16+ 3

~2[20-

(1 — cos26)] df

T/2 _ 33m
4 sin 29} ==

5
Il
w3y

A=6[°1sin?30d0 =3 [7/° L (1 - cos66) df

—3[07—511169}”/6 I

_(4.5)
(8. m
N
A=2[73401- cos 0))? do
= 16]07r (1 — 2cos 0 + cos? 9) do

=8 [ (3 —4cosf + cos26)df
=460 — 8sinf + sin 20]; = 247

(2,0)

A:wa/2 1 (2cos0)® df =2 fw/2(1+c0520)d9

=2[0+1sin20]7% =7

—9 fﬂ'/2

/2 2

(1+sin6)? do

= ["/2 (14 2sin6 + sin®26) dO

/2

=0 - 20050]”/22+fﬂ/2

/2 2

(1 — cos26)df

:71'—&-%[9—5sin2t9]777/2=7r+%=377T



Copyright © 2013, Cengage Learning. All rights reserved.

4

SECTION 9.4 AREAS AND LENGTHS IN POLAR COORDINATES

15. (3, 7/2)

/(w
A=2[713B- cos6)* db

:foﬂ (9*6COSG+COSQG) db
99 6sin 6 + 19+ 4sm26? = 19z

—8f7r/4151n 460 df = fﬂ/4 1 —cos86)d
=[20— —s1n89}"/4 s

(.

2

3.1

A

N
-

-3.1

By symmetry, the total area is twice the area enclosed above

the polar axis, so
A = 2[7ir?d0 = [ [2+ cos60]® df
= fo (4 + 4 cos 60 + cos? 69) do
= [49—}—4( sm69) (214 sin 120 + %0)]3

= 47'(‘—|—§:T

—0. 0.65
0.65 0

Note that the entire curve r = 2sin 0 cos? 6 is generated by

0 € [0, 7]. The radius is positive on this interval, so the area

enclosed is
f” 1r2d9— (2s1n9008 9) do

=2[F sin? Gcos 6do =2 [ ( (sin 6 cos 0)? cos? 0 d
=2/ (3 sm29) cos? 6 df

=1 J; sin® 20 (cos 26 + 1) df

3 [fy sin® 20 cos 26 d6 + [, sin® 26 d6)]

[ 0— 3 s1n 49] (the first integral vanishes) =

=

19. A=2 [/ Lcos?30d6 = L [7/° (1 + cos 60) df

16+ Lsin6g]7"° = &

20. A—Qfﬂ/‘ll (3sin 26)* d@-—fﬂ/4(1—cos49) do

[9 — —sm49r/4 %

N A= [T 1sin?50d0 = 1 [7/° (1~ cos 106) dO
. /5 T
:Z[Gfﬁsmloe]o =35
n. r =2+ 3cos 6 (rect.) r=2+ 3cosd

w

° %\”/ 2

-1

_ 2
cosf =—5 =

1

2+3cosf=0 =

or2m —cos™ ' (—2). Leta = cos™

A=2["1(2+3cos0)” do
:fﬂ (4+12€059+900520) df
:f (17+120050+gcos20)d0

[—79 + 12sin6 + = sin 20}

1

9
H(m—a) —12sina — Fsinacos a

Flr—cos™ (-3)] - 12(F) -3 (F) (-3
-3v5

I
w5
o
o
m‘

-
—
o
SN—

23.

\
LT N
\
\
\
\
"
\
\
\,
\
\
\
\
\
\
\

r=1-—cosf

1—COS€=% = cos@-—%
2f2ﬂ/3%[1 cosf)? }

= f27;/3 (

:[ 29 — 251n9]

= —Sr+v3+3

—2cosf + cos 9) do

anss T 1 S (1 4 cos 20) df

[0 + 3 sm20]2 /3

= —Sr4+V3+in4 B =98 1y

=

)
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26.
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g — b 2 2
r=2-—cosf 07? 7. L fa \V e+ (dr/de) do
h = 03"/4 \/(5 cos0)® + (—5sin6)* df
w —5f3”/4\/00529+sin29d0
3r/4
\/ r=3cos o 5f 0 =

3cosf =2 —cosf = COSG:% = 0=+3 = 28.L:fb /r2—|—(dr/d9)2d6

A 2 [T/ 1 (3cos b 2 — cos)?] db
f{/s( o 0 i ; 4)d0) ) =Jo \/(29) + [(In2) 29]% df = 027729\/1+1n22d9
= 8cos? 0 + 4cos 6 —
Oﬂ/s B e 20 \1%" V/1+n?2(277 1)
= Jo" (4cos 20 + 4 cos ) db =|V1+In"2 I’G) . )
= [2sin20 4 45in 6]/ = 3v3
9. L=2[ \/(1 +cos0)® + (—sin0)* df
(7, 7/2) =2v2 [ VI +cosfdf = 2V2 [ /2cos? (6/2) db
r=3+4sino = [8sin (0/2)]; =8
30. L= [2"1/(e=)? + (—e=9)*do
3w 79 _ _ =37
G0 =V2[iTe?d)=v2(1-e ")
9= —sin"'(3/4)
The curve crosses itself when 3 + 4sinf =0 < 3. L=2[" \/c:os8 (70) + cos® (30) sin® (16) df
sinf = —2. Letting o = sin™! 2, the desired area is
:/2 £ , =227 |cos® (16)| \/cos.2 (10) +sin® (16) d6
A=2[[72 43+ 45in0)” do

=9 27 da
- /- W/22(3+4sm9) ]d@ fo |COS ( )|

Now =8y /2 cos® u du (where u = 10)

[ (3+4sin6)? df = 90 — 24 cos 0 + 80 — 4sin 20 + C, so =8 [sinu— Lsin u}gﬂ =1

A= 34a +48cosa — 16sinarcosa = 34sin™ ' (§) + 9v/7. Note that the curve is retraced after every interval of length
. 4.

2.L=2[ \/[c052 (%9)}2 + [~ cos (30) sin (%Q)Fde
=2 [ cos (30) df = 4 [sin (%9)]3 =4

33. From Figure 4 in Example 1,

—0.6

The points of intersection occur where =/ ﬂw/4 V r2 + (r')* df
V1-08sin0 =sinf < 18sin’0=1 & = 2[4 \/cos? 20 + dsin® 20 O

f = arcsin \/g (= o, s0cosa = 2). So the area is ~ 2 (1.211056) ~ 2.4221
= 27 hsin?6d0 +2 7% & (VI—08sm76) do . ;
= [%Hf%sin%’} [9 08(%07—s1n20)r/2
= 1a—1(2sinacosa) +0.6-%
— 0.6 + 0.2 (2sin a cos )] B ’
= %arcsin% - %75% +0.37
—0.6 arcsin % —-04- T5§ 2
_ l—%w—marcsmé—g E 0411 44 2secf =0 = secl = -2

= cosf = — = 9:2?”,4—”.

1
2 3

f4://33 \/ 44 2sec 9)2 + (2 Secatane)zde ~ 5.8128




