
1–3 ■ Find the length of the given curve.

1. ,

2. ,

3. ,

4. , , ,

5. , , ,
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

6–8 ■ Reparametrize the curve with respect to arc length mea-
sured from the point where in the direction of increasing .

6.

7.

8. ,
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

9–14 ■

(a) Find the unit tangent and unit normal vectors and .
(b) Use Formula 9 to find the curvature.

9. 10.

11.

12.

13. 14.
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

r�t� � � t 2, 2t 3�3, t �r�t� � �s2 t, e t, e�t�
r�t� � � 1

3 t 3, t 2, 2t�
r�t� � �s2 cos t, sin t, sin t�

r�t� � �6t, 3s2 t 2, 2t 3 �r�t� � �sin 4t, 3t, cos 4t �

N�t�T�t�

0 � t � ��2r�t� � cos3t i � sin3t j � cos 2t k

r�t� � �1 � 2t� i � �3 � t� j � 5t k

r�t� � e t sin t i � e t cos t j

tt � 0

0 � t � ��2z � ty � t sin tx � t cos t

0 � t � 1z � t 2y � t 2x � 2t

0 � t � 1r�t� � 6t i � 3s2 t 2 j � 2t 3 k

0 � t � 2�r�t� � �e t, e t sin t, e t cos t �

a � t � br�t� � �2t, 3 sin t, 3 cot t �

15–19 ■ Use Theorem 10 to find the curvature.

15.

16.

17.

18.

19.
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

20. Find the curvature of at the point (0, 1, 1).

21–23 ■ Use Formula 11 to find the curvature.

21. 22.

23.
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

24–25 ■ Use the formula 

where the dots indicate derivatives with respect to (see Exer-

24. ,

25. ,
■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

y � t cos tx � t sin t

y � t 2x � t 3

t

� � � x�y�� � y�x�� �
�x� 2 � y� 2 	3�2

y � ln x

y � sin xy � sx

r�t� � �s2 t, e t, e�t �

r�t� � sin t i � cos t j � sin t k

r�t� � �t 2 � 2� i � �t 2 � 4t� j � 2t k

r�t� � 2t 3 i � 3t 2 j � 6t k

r�t� � �1 � t� i � �1 � t� j � 3t 2 k

r�t� � i � t j � t 2 k

SECTION 10.8 ARC LENGTH AND CURVATURE ■ 1

C l i c k  h e r e  f o r  a n s w e r s .A C l i c k  h e r e  f o r  s o l u t i o n s .S

ARC LENGTH AND CURVATURE10.8

cise 32 in the text) to find the curvature of the parametric curve.
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2 ■ SECTION 10.8 ARC LENGTH AND CURVATURE

C l i c k  h e r e  f o r  s o l u t i o n s .SC l i c k  h e r e  f o r  e x e r c i s e s .E

ANSWERS10.8

1.

√
13 (b− a)

2.

√
3
(
e2π − 1

)
3. 8

4.

√
3 +

√
2

2
ln

(√
2 +

√
3
)

5. ln

(√
π2

4
+ 2 + π

2

)
+ π

4

√
π2

4
+ 2− ln

√
2

6. r (t (s)) =
(

1√
2
s+ 1

) [
sin

(
ln

(
1√
2
s+ 1

))
i

+cos
(
ln

(
1√
2
s+ 1

))
j
]

7. r (t (s)) =
(
1 + 2√

30
s
)
i+

(
3 + 1√

30
s
)
j− 5√

30
sk

8. r (t (s)) = cos3
[
1

2
cos−1

(
1− 4

5
s
)]

i

+ sin3
[
1

2
cos−1

(
1− 4

5
s
)]

j+
[
1− 4

5
s
]
k

9. (a) 1

5
〈4 cos 4t, 3,−4 sin 4t〉, 〈− sin 4t, 0,− cos 4t〉

(b) 16

25

10. (a)
1

1 + t2
〈
1,
√
2t, t2

〉
,

1√
2 (1 + t2)

〈−2t,
√
2
(
1− t2

)
, 2t

〉
(b)

1

3
√
2 (1 + t2)2

11. (a) 1√
2

〈−√
2 sin t, cos t, cos t

〉
,

1√
2

〈−√
2 cos t,− sin t,− sin t

〉
(b) 1√

2

12. (a)
1

t2 + 2

〈
t2, 2t, 2

〉
,

1

t2 + 2

〈
2t, 2− t2,−2t

〉
(b)

2

(t2 + 2)2

13. (a)
1

e2t + 1

〈√
2e2t, e2t,−1

〉
,

1

e2t + 1

〈
1− e2t,

√
2et,

√
2et

〉
(b)

√
2e2t

(e2t + 1)2

14. (a)
1

2t2 + 1

〈
2t, 2t2, 1

〉
,

1

2t2 + 1

〈
1− 2t2, 2t,−2t

〉
(b)

2

(2t2 + 1)2

15.
2

(4t2 + 1)3/2

16.
3

(1 + 18t2)3/2

17.

√
1 + 4t2 + t4

6 (t4 + t2 + 1)3/2

18.

√
6

2 (2t2 − 4t+ 5)3/2

19.

√
2

(1 + cos2 t)3/2

20.

√
2

4

21.
2

(4x+ 1)3/2

22.
|sinx|

(1 + cos2 x)3/2

23.
|x|

(x2 + 1)3/2

24.
6

|t| (9t2 + 4)3/2

25.
2 + t2

(1 + t2)3/2

Co
py

rig
ht

 ©
 2

01
3,

 C
en

ga
ge

 L
ea

rn
in

g.
 A

ll 
rig

ht
s 

re
se

rv
ed

.



SECTION 10.8 ARC LENGTH AND CURVATURE ■ 3

C l i c k  h e r e  f o r  e x e r c i s e s .E

SOLUTIONS10.8

1. r′ (t) = 〈2, 3 cos t,−3 sin t〉,
|r′ (t)| =

√
4 + 9 cos2 t+ 9 sin2 t =

√
13,

L =
∫ b

a

√
13 dt =

√
13 (b− a)

2. r′ (t) =
〈
et, et (sin t+ cos t) , et (cos t− sin t)

〉
,

|r′ (t)| = et
√

1 + 2 sin2 t+ 2 cos2 t =
√
3et,

L =
∫

2π

0

√
3et dt =

√
3
(
e2π − 1

)
3. r′ (t) =

〈
6, 6

√
2t, 6t2

〉
,

|r′ (t)| = 6
√
1 + 2t2 + t4 = 6

(
1 + t2

)
,

L =
∫

1

0
6
(
1 + t2

)
dt =

[
1

3
· 6 (t+ t3

)]1
0
= 24

3
= 8

4. r′ (t) = 〈2, 2t, 2t〉, |r′ (t)| = 2
√
1 + 2t2

L =
∫

1

0

√
1 + 2t2 dt =

∫ b

a

√
2 sec3 θ dθ

=
√
2

2
[ln |sec θ + tan θ|+ tan θ sec θ]ba

=
√
2

2

[
ln

∣∣√1 + 2t2 +
√
2 t

∣∣+√
2 t

√
1 + 2t2

]1
0

(or use Formula 21)

=
√
2

2

[
ln

∣∣√3 +
√
2
∣∣+√

2
√
3
]

=
√
3 +

√
2

2
ln

(√
2 +

√
3
)

5. r′ (t) = 〈cos t− t sin t, sin t+ t cos t, 1〉,
|r′ (t)| =

√
cos2 t+ t2 sin2 t+ sin2 t+ t cos2 t+ 1

=
√
t2 + 2

L =
∫ π/2

0

√
t2 + 2 dt =

∫ b

a
sec3 θ dθ

=
[
ln

∣∣√t2 + 2 + t
∣∣+ 1

2
t
√
t2 + 2

]π/2

0

(or use Formula 21)

= ln

(√
π2

4
+ 2 + π

2

)
+ π

4

√
π2

4
+ 2− ln

√
2

6. r′ (t) = et (cos t+ sin t) i+ et (cos t− sin t) j,

ds/dt = |r′ (t)| = et
√

(cos t+ sin t)2 + (cos t− sin t)2

= et
√

2 cos2 t+ 2 sin2 t =
√
2et

s (t) =
∫ t

0
|r′ (u)| du =

∫ t

0

√
2eu du =

√
2
(
et − 1

) ⇒
1√
2
s+ 1 = et ⇒ t (s) = ln

(
1√
2
s+ 1

)
. Therefore,

r (t (s)) =
(

1√
2
s+ 1

) [
sin

(
ln

(
1√
2
s+ 1

))
i

+cos
(
ln

(
1√
2
s+ 1

))
j
]

7. r′ (t) = 2 i + j − 5k,

ds/dt = |r′ (t)| = √
4 + 1 + 25 =

√
30 and

s (t) =
∫ t

0
|r′ (u)| du =

∫ t

0

√
30 du =

√
30 t

⇒ t (s) = 1√
30
s. Therefore,

r (t (s)) =
(
1 + 2√

30
s
)
i+

(
3 + 1√

30
s
)
j− 5√

30
sk.

8. |r′ (t)|
=

√
(−3 cos2 t sin t)2 +

(
3 sin2 t cos t

)2
+ (−2 sin 2t)2

=
√

9 sin2 t cos2 t
(
cos2 t+ sin2 t

)
+ 4 sin2 2t

=
√

9

4
(2 sin t cos t)2 + 4 sin2 2t =

√(
9

4
+ 4

)
sin2 2t

= 5

2
sin 2t

Then for 0 ≤ t ≤ π
2
,

s (t) =
∫ t

0
|r′ (u)| du = 5

2

∫ t

0
sin 2udu

= − 5

4
[cos 2u]t

0
= 5

4
(1− cos 2t)

Therefore, t (s) = 1

2
cos−1

(
1− 4

5
s
)
and

r (t (s)) = cos3
[
1

2
cos−1

(
1− 4

5
s
)]

i

+sin3
[
1

2
cos−1

(
1− 4

5
s
)]

j

+cos
[
2 · 1

2
cos−1

(
1− 4

5
s
)]

k

= cos3
[
1

2
cos−1

(
1− 4

5
s
)]

i

+sin3
[
1

2
cos−1

(
1− 4

5
s
)]

j+
[
1− 4

5
s
]
k

9. (a) T (t) =
r′ (t)

|r′ (t)| =
1√

16 + 9
〈4 cos 4t, 3,−4 sin 4t〉

= 1

5
〈4 cos 4t, 3,−4 sin 4t〉

N (t) =
T′ (t)

|T′ (t)| =
5

16 · 5 〈−16 sin 4t, 0,−16 cos 4t〉

= 〈− sin 4t, 0,− cos 4t〉

(b) κ (t) =
|T′ (t)|
|r′ (t)| =

16

5 · 5 =
16

25

10. (a) T (t) =
r′ (t)

|r′ (t)| =
1

6 (1 + t2)

〈
6, 6

√
2t, 6t2

〉
=

1

1 + t2
〈
1,
√
2t, t2

〉
N (t) =

T′ (t)

|T′ (t)|

=
1

|T′ (t)|
[
− 2t

(1 + t2)2
〈
1,
√
2t, t2

〉

+
1

1 + t2
〈
0,
√
2, 2t

〉 ]

=
1 + t2√

2

[
1

(1 + t2)2
〈−2t,

√
2
(
1− t2

)
, 2t

〉]

=
1√

2 (1 + t2)

〈−2t,
√
2
(
1− t2

)
, 2t

〉

(b) κ (t) =
|T′ (t)|
|r′ (t)| =

√
2

1 + t2
· 1

6 (1 + t2)

=
1

3
√
2 (1 + t2)2
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4 ■ SECTION 10.8 ARC LENGTH AND CURVATURE

11. (a) T (t) =
r′ (t)

|r′ (t)|
=

1√
2 sin2 t+ 2 cos2 t

〈−√
2 sin t, cos t, cos t

〉
= 1√

2

〈−√
2 sin t, cos t, cos t

〉
N (t) =

T′ (t)

|T′ (t)|
=

1√
2 cos2 t+ 2 sin2 t

〈−√
2 cos t,− sin t,− sin t

〉
= 1√

2

〈−√
2 cos t,− sin t,− sin t

〉

(b) κ (t) =
|T′ (t)|
|r′ (t)| =

1√
2

12. (a) r′ (t) =
〈
t2, 2t, 2

〉 ⇒
|r′ (t)| = √

t4 + 4t2 + 4 =
√

(t2 + 2)2 = t2 + 2. Then

T (t) =
r′ (t)

|r′ (t)| =
1

t2 + 2

〈
t2, 2t, 2

〉
.

T′ (t) =
−2t

(t2 + 2)2
〈
t2, 2t, 2

〉
+

1

t2 + 2
〈2t, 2, 0〉

=
1

(t2 + 2)2
〈−2t3,−4t2,−4t

〉
+

1

(t2 + 2)2
〈
2t3 + 4t, 2t2 + 4, 0

〉
=

1

(t2 + 2)2
〈
4t, 4− 2t2,−4t

〉
|T′ (t)| = 1

(t2 + 2)2
√

16t2 + (16− 16t2 + 4t4) + 16t2

=
1

(t2 + 2)2
√
4t4 + 16t2 + 16

=
1

(t2 + 2)2

√
4 (t2 + 2)2 =

2
(
t2 + 2

)
(t2 + 2)2

=
2

t2 + 2
Thus

N (t) =
T′ (t)

|T′ (t)| =
1/

(
t2 + 2

)2
2/ (t2 + 2)

〈
4t, 4− 2t2,−4t

〉
=

1

t2 + 2

〈
2t, 2− t2,−2t

〉

(b) κ (t) =
|T′ (t)|
|r′ (t)| =

2/
(
t2 + 2

)
t2 + 2

=
2

(t2 + 2)2

13. (a) T (t) =
1√

2 + e2t + e−2t

〈√
2, et,−e−t

〉
=

1

et + et
〈√

2, et,−e−t
〉

=
1

e2t + 1

〈√
2e2t, e2t,−1

〉

T′ (t) =
−2e2t

(e2t + 1)2
〈√

2et, e2t,−1
〉

+
1

e2t + 1

〈√
2et, 2e2t, 0

〉
=

1

(e2t + 1)2
〈−2

√
2e3t +

√
2e3t +

√
2et,

−2e4t + 2e4t + 2e2t, 2e2t
〉

=
1

(e2t + 1)2
〈√

2
(
et − e3t

)
, 2e2t, 2e2t

〉
|T′ (t)| = 1

(e2t + 1)2
√

2 (e2t + e6t − 2e4t) + 8e4t

=

√
2et

(e2t + 1)2
(
e2t + 1

)
=

√
2et

e2t + 1

N (t) =
1

(e2t + 1)2
e2t + 1√

2et

〈√
2
(
et − e3t

)
, 2e2t, 2e2t

〉
=

1√
2 (e2t + 1) et

〈√
2
(
et − e3t

)
, 2e2t, 2e2t

〉
=

1

e2t + 1

〈
1− e2t,

√
2et,

√
2et

〉

(b) κ (t) =

√
2et

(e2t + 1)
· 1

et + e−t
=

√
2e2t

(e2t + 1)2

14. (a) T (t) =
1√

4t2 + 4t4 + 1

〈
2t, 2t2, 1

〉
=

1

2t2 + 1

〈
2t, 2t2, 1

〉
T′ (t) = − (

2t2 + 1
)−2

(4t)
〈
2t, 2t2, 1

〉
+

(
2t2 + 1

)−1 〈2, 4t, 0〉

=
1

(2t2 + 1)2
〈−8t2 + 4t2 + 2,

−8t3 + 8t3 + 4,−4t
〉

=
1

(2t2 + 1)2
〈
1− 2t2, 2t,−2t

〉
|T′ (t)| = 1

(2t2 + 1)2
√
1− 4t2 + 4t4 + 8t2 =

2

2t2 + 1

N (t) =
2

(2t2 + 1)2
· 2t

2 + 1

2

〈
1− 2t2, 2t,−2t

〉
=

1

2t2 + 1

〈
1− 2t2, 2t,−2t

〉
(b) κ (t) =

2

2t2 + 1
· 1

2t2 + 1
=

2

(2t2 + 1)2

15. r′ (t) = j− 2tk, r′′ (t) = −2k, |r′ (t)|3 =
(
4t2 + 1

)3/2
,

|r′ (t)× r′′ (t)| = |−2i| = 2,

κ (t) =
|r′ (t)× r′′ (t)|

|r′ (t)|3 =
2

(4t2 + 1)3/2

16. r′ (t) = 〈1,−1, 6t〉, r′′ (t) = 〈0, 0, 6〉,
|r′ (t)|3 =

(√
2 + 36t2

)3
=

[
2
(
1 + 18t2

)]3/2
,

|r′ (t)× r′′ (t)| = |〈−6,−6, 0〉| = 6
√
2,

κ (t) =
|r′ (t)× r′′ (t)|

|r′ (t)|3 =
6
√
2

[2 (1 + 18t2)]3/2
=

3

(1 + 18t2)3/2

#3)(by Theorem 10.7.5
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SECTION 10.8 ARC LENGTH AND CURVATURE ■ 5

17. r′ (t) =
〈
6t2,−6t, 6

〉
, r′′ (t) = 〈12t,−6, 0〉,

|r′ (t)|3 = 63
(
t4 + t2 + 1

)3/2
,

|r′ (t)× r′′ (t)| = ∣∣36 〈1, 2t, t2〉∣∣ = 36
√
1 + 4t2 + t4,

κ (t) =
|r′ (t)× r′′ (t)|

|r′ (t)|3 =
36

√
1 + 4t2 + t4

63 (t4 + t2 + 1)3/2

=

√
1 + 4t2 + t4

6 (t4 + t2 + 1)3/2

18. r′ (t) = 〈2t, 2t− 4, 2〉, r′′ (t) = 〈2, 2, 0〉,
|r′ (t)|3 =

(
4t2 + 4t2 − 16t+ 16 + 4

)3/2
= 8

(
2t2 − 4t+ 5

)3/2
,

|r′ (t)× r′′ (t)| = 4 |〈−1, 1, 2〉| = 4
√
6,

κ (t) =
|r′ (t)× r′′ (t)|

|r′ (t)|3 =
4
√
6

8 (2t2 − 4t+ 5)3/2

=

√
6

2 (2t2 − 4t+ 5)3/2

19. r′ (t) = 〈cos t,− sin t, cos t〉,
r′′ (t) = 〈− sin t,− cos t,− sin t〉,
|r′ (t)|3 =

(√
cos2 t+ 1

)3
,

|r′ (t)× r′′ (t)| = |〈1, 0,−1〉| = √
2,

κ (t) =
|r′ (t)× r′′ (t)|

|r′ (t)|3 =

√
2

(1 + cos2 t)3/2

20. r′ (t) =
〈√

2, et,−e−t
〉
. The point (0, 1, 1)

corresponds to t = 0, and r′ (0) =
〈√

2, 1,−1
〉

⇒ |r′ (0)| =
√(√

2
)2

+ 12 + (−1)2 = 2.

r′′ (t) =
〈
0, et, e−t

〉 ⇒ r′′ (0) = 〈0, 1, 1〉.
r′ (0)× r′′ (0) =

〈
2,−√

2,
√
2
〉
,

|r′ (0)× r′′ (0)| =
√

22 +
(−√

2
)2

+
(√

2
)2

=
√
8 = 2

√
2

Then κ (0) =
|r′ (0)× r′′ (0)|

|r′ (0)|3 =
2
√
2

23
=

√
2

4
.

21. y′ =
1

2
√
x
, y′′ = − 1

4 (x)3/2
,

κ (x) =
|y′′ (x)|[

1 + (y′ (x))2
]3/2 =

1

4 |x3/2|
1

[1 + 1/(4x)]3/2

=
2

(4x+ 1)3/2

22. y′ = cosx, y′′ = − sinx,

κ (x) =
|y′′ (x)|[

1 + (y′ (x))2
]3/2 =

|sinx|
(1 + cos2 x)3/2

23. y′ =
1

x
, y′′ = − 1

x2
,

κ (x) =
|y′′ (x)|[

1 + (y′ (x))2
]3/2 =

∣∣∣∣−1

x2

∣∣∣∣ 1

(1 + 1/x2)3/2

=
1

x2

(
x2

)3/2
(x2 + 1)3/2

=
|x|

(x2 + 1)3/2

24. κ (t)=
|ẋÿ − ẍẏ|

(ẋ2 + ẏ2)3/2
=

∣∣(3t2) (2)− (6t) (2t)
∣∣

(9t4 + 4t2)3/2

=
6t2

(t2)3/2 (9t2 + 4)3/2
=

6t2

|t|3 (9t2 + 4)3/2

=
6

|t| (9t2 + 4)3/2

25. κ (t) =
|ẋÿ − ẍẏ|

(ẋ2 + ẏ2)3/2

=

∣∣∣∣∣(sin t+ t cos t) (−2 sin t− t cos t)

− (2 cos t− t sin t) (cos t− t sin t)

∣∣∣∣∣
(ẋ2 + ẏ2)3/2

=

∣∣∣∣∣
(−2 sin2 t− 3t sin t cos t− t2 cos2 t

)
− (

2 cos2 t− 3t cos t sin t+ t2 sin2 t
)
∣∣∣∣∣

(ẋ2 + ẏ2)3/2

=

∣∣− (
sin2 t+ cos2 t

) (
2 + t2

)∣∣(
sin2 t+ 2t cos t sin t+ cos2 t

+ t2 cos2 t− 2t sin t cos t+ t2 sin t

)
3/2

=
2 + t2

(1 + t2)3/2
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