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1.4

SECTION 11.4 TANGENT PLANES AND LINEAR APPROXIMATIONS = |

TANGENT PLANES AND LINEAR APPROXIMATIONS

B Click here for answers.

1-9 = Find an equation of the tangent plane to the given surface at

the specified point.

10-11 = Graph the surface and the tangent plane at the given
point. (Choose the domain and viewpoint so that you get a good
view of both the surface and the tangent plane.) Then zoom in until
the surface and the tangent plane become indistinguishable.

12-13 = Explain why the function is differentiable at the given
point. Then find the linearization L(x, y) of the function at that point.

I z=x>+4y*, (2,1,8)

2. z=x*—y% (3,-2,9)

.z=5+(x— 1>+ (y+2)°

4. z =xy, (—1,2,-2)
5.z=vx—y, (51,2

6. z = y2 - x% (=459

7. z =sin(x +y), (1,—-1,0)
8. z=InQx +y), (—1,3,0)
9.z=e¢Iny, (3,1,0)

0. z=xy, (—1,2,-2)
l.z=Vx—y, (51,2)

2. f(x,y)=ylnx, (2,1)

3. f(x,y) = V1 + x2y2,

0,2)

(2,0,10)

B Click here for solutions.

14-22 = Find the differential of the function.

14. z = x*y?
16. w = xsin yz

1

18. z=———
x*+y?

20. u = e*cos xy

+
2 w=""2
y+z

15. v = In(2x — 3y)

17. z = x* — 5x%y + 6xy° + 10
19. z = ye*’

2. w=1x* + y*z

23-26 = Use differentials to approximate the value of f at the

given point.

23. f(x,y) = /20 — x2 — 7y2, (1.95,1.08)
24. f(x,y) = In(x — 3y), (6.9,2.06)

25. f(x,v,z) = x*y3*,

26. f(x,y,z) = xy?sin 7z,

(1.05, 0.9, 3.01)

(3.99, 4.98, 4.03)

27-30 = Use differentials to approximate the number.

27. 8.94,/9.99 — (1.01)°
28. (/99 + /124)"
29. /0.99 ¢*®

30. /(3.02)2 + (1.97)% + (5.99)2
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2 = SECTION I1.4 TANGENT PLANES AND LINEAR APPROXIMATIONS

11.4 | ANSWERS

A Click here for exercises.

Arx+8y—2=28

2 6x+4y—z=5

3.2 +4y —z2=—6
4, 20 —y —z = —2
5. c—y—4z=—-4
6. z=8x+ 10y —9
l.z=xz+y

8. z=2x+y—1

9.

10.

B Click here for solutions.

22

23.
25.
27.

29

.1z + (In2)y—1
.1
. 2z dx + 322y dy

. ——— (2dz — 3d
2x—3y( = 3dy)

. (sinyz) dz + (zz cosyz) dy + (zycosyz) dz

. (42° — 102y + 6y°) dz + (—52> + 18zy>) dy
. —m (xdx + ydy)

. y2e™ da 4 ™Y (14 zy) dy

. e” (coszy — ysinzy) dz — (ze” sinzy) dy

. 2zydxr + (oc2 + 2yz) dy +y? dz
(y+2)de + (s — ) dy — ( +y) de

(y +2)*
2.846 M. -0.28
65.88 2. 31
26.76 28. 49,770

. 1.015 30.6.9914
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11.4 | SOLUTIONS

A Click here for exercises.

cz=f(zy)=2"—y

cz=flzy) =y —x

z=f(z,y) =2 +4y* = fo(z,y) =22,
fy(z,y) =8y, f=(2,1) =4, f,(2,1) = 8. Thus
the equation of the tangent plane is
z—8=4(x—2)+8(y—1)ordx 4+ 8y —z=38.

2 = fﬂ” ($,y) = 2179

fy(x,y) = =2y, fz (3,—2) =6, fy (3, —2) = 4. Thus the
equationis z —5 =6 (z — 3) + 4 (y + 2) or
6x + 4y — z = 5.

Lz=f(zy)=5+(@-1)*+@y+2)° =

fa (.Z',y) = 2('77_1): Ty (xay) = 2(y+2)’ fe (2,0) =2,
fy (2,0) = 4 and the equation is z — 10 = 2 (z — 2) + 4y or
2¢ +4y — z = —6.

. f2(—1,2) = 2and f, (—1,2) = —1, so an equation of the

tangent planeis z +2 =2 (x + 1) + (—1) (y — 2) or
20 —y — 2z = —2.

o (zy) =L@ —y) % £ (5,1) = L,

y)_l/Q,and fy(5,1) = =%, s0

fy(@,y) = =5 (@~ 1
an equation of the tangent plane is
272:%(x75)7%(yfl)ormfyf4z:f4.

2 = fT (:E,y) = —2x,

fy (z,y) =2y, 50 fo (—4,5) = 8, f, (—4,5) = 10. By
Equation 2, an equation of the tangent plane is
2=9=fu(=45) [z - (-4 + f, (=45 (y -5 =
z—9=8(x+4)+10(y —5)or z = 8z + 10y — 9.

.z=f(z,y) =sin(z+y) = fo(zx,y)=cos(x+y),

fy (z,y) =cos(z +y), fa(l,-1)=1=f,(1,—-1) and
an equation of the tangent planeis z = (z — 1) + (y + 1) or

z=x+uy.
= f@y =@ty > L) = 5
fy (may) = 23314’:1/’ fa (_1,3) =2, fy (—173) = 1. Thus

an equation of the tangent planeis z = 2 (z + 1) + (y — 3)
orz=2r+y—1.

'Z:f(xvy):ezlny = fz(ﬁv,y):ezlny,

fy (x,y) = e/y, f(3,1) =0, f, (3,1) = €, and an
equation of the tangent plane is z = e (y — 1) or

z=edy —éd.

. Z:f(l',y) :.Z"y,SOfm (wvy) =y = f1 (_172) =2,

fy(z,y) =2 = f,(—1,2) = —1 and an equation of the
tangent planeis z +2=2(z+ 1) + (1) (y — 2) or

z = 2z — y + 2. After zooming in, the surface and the
tangent plane become almost indistinguishable. (Here, the
tangent plane is shown with fewer traces than the surface.)

If we zoom in farther, the surface and the tangent plane

appear to coincide.

Moz=f(z,y) = VE=y,50 fa (z,y) = 5 (e —y) /2,
fo(5,1) = 4. fy (@y) = =3 (z —y) 7%,
fy (5,1) = — %, and an equation of the tangent plane is
z—2=1(x—-5)—3(y—1orz=1z— 1y+1 After
zooming in, the surface and the tangent plane become almost
indistinguishable. (Here, the tangent plane is above the
surface.) If we zoom in farther, the surface and the tangent
plane appear to coincide.

12. f(z,y) = ylnz. The partial derivatives are f, (z,y) = y/x
and fy (z,y) =Inz,s0 fo (2,1) = 1 and f, (2,1) =In2.
Both f, and f, are continuous functions for x > 0, so f is
differentiable at (2, 1) by Theorem 8. The linearization of f
at (2,1) is given by
Llwy) = F 21D+ fa (21) (2 —2)+ £, (1) (y 1)

=In2+4%(z—2)+n2(y-1)
=1+ (In2)y—1

13. f(z,y) = y/1+ x2y?. The partial derivatives are
2

fo(my)=3(1+ 3‘72y2)_1/2 (2~’Cy2) — ﬁ and
2

oo =3 a) " @) = <L o

fz(0,2) = 0and fy (0,2) = 0. Both f; and f, are

continuous functions, so f is differentiable at (0, 2), and the

linearization of f at (0, 2) is

L(z,y) = £(0,2) + 2 (0,2) (z = 0) + f, (0,2) (y — 2)
—140(@)+0(y—2) =1

4. z = 1:2y3 =
0z 0z

dz = == do + == dy = 2zy°® dz + 322y dy
or oy
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20.
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SECTION 11.4 TANGENT PLANES AND LINEAR APPROXIMATIONS

v=In(2z -3y) =

2 -3
dv = (72:5 — 3y) dx + (72:5 — 3y) dy

= pr— (2dx — 3dy)
. w=xsinyz =
ow ow ow
d de + —dy+ —dz
YT e YT

= (sinyz) dz + (zz cosyz) dy + (zy cosyz) dz

0z 0z
.dz = —dr+ —dy
Ty
= (4x — 10zy + 6y3) dzx + (75172 + 18my2) dy
0z 0z
dz=—dz+ =—d
3 ac-i—ay Y
=- 2 (zdz + ydy)
(22 +92)° o
z =ye™” =
0z 0z 2 = ®
dz=—dr+ —dy=y“e™dr+e" (1 +zy)dy
or y

u = e’cosxy =

du = e” (coszy — ysinzy) dr — (ze” sinzy) dy

w= x2y + yzz =
ow ow ow

dw = e dx +8 dy—&—adz

=2zxydx + (:5 + 2yz) dy + 3% dz

now=""Y -
y+z
dw = o) —@ryldy (z+y)dz
y+z (y+2)° (y+2)°
_yt2de+(z—z)dy— (z+y)de
a (y+2)?
2. f(z,y) = /20 —a® — T2 =
fom e andfy Y
\/20 — x2 — Ty? \/20 — x2 — Ty?
Since f(2,1) = v/20 — 4 — 7 = 3, we set (a,b) = (2, 1).

24,

Then Az = —0.05, Ay = 0.08. Thus

=3+ (—3) (-0.05) + (—5) (0.08)

=2.846
f@y)=h(@=3y) = fo=——ad

no ’ Y YTz -3y
3 .

fu= Tr—3y Since f (7,2) = In (7 — 6) = 0, we set
(a,b) = (7,2). Then Az = —0.1 and Ay = 0.06, so
f(6.9,2.06) =~ f(7,2) + d=

=0+ (1) (—0.1) + (—3) (0.06) = —0.28

25.

26.

27.

28.

29.

30.

f(x7y7z) = .’If2y32’4 = fac = 2l’y z ,fy = 3:(72 2 4

and f, = 42%y®2>. Since f (1,1,3) = 81, we set
(a,b,¢) = (1,1,3). Then Az = 0.05, Ay = —0.1,
Az = 0.01, and so
£(1.05,0.9,3.01) ~ £ (1,1,3) + dw
=81 + (162) (0.05) + (243) (—0.1) +
= 65.88

(108) (0.01)

f(x,y,2) = xy*sintz = f, =y’sin7z,

fy = 2zysinrwz, f, = mxy® coswz. Since f (4,5,4) =0,
we set (a,b,¢) = (4,5,4). Then Az = —0.01,

Ay = —0.02,and Az = 0.03, so

£(3.99,4.98,4.03) ~ f (4,5,4) + dw

=0+ (0)(—0.01) + (0) (—0.02) + (1007) (0.03)
= 3w ~ 9.4248
Letw = f(z,9,2) =2y — 25 = fo=+/y—25,
T 32>
= ———=,and f. = —————=. Then
fr= gt fe =

£(9,10,1) = 27, so we set (a, b, c) = (9,10,1). Then
Az = —0.06, Ay = —0.01, and Az = 0.01. Thus

8.941/9.99 — (1.01)?

~ 27 + (3) (—0.06) + 3 (—0.01) + (—27) (0.01)
= 26.76
Letz = f (z,y) = (VT + \3/3_/)4 = fo :2%,
fo= 4(@%”)3. Then £ (100,125) = (10 + 5)* = 50,
625. Set (a,b) = (100,125), so Az = —1, Ay = —1.
Thus
(V99 + ¥/124)"
2. 3375 4.3375
~ 50,625+~ (1) e (-1) = 49.770
€y
Letz = f(z,y) = Vze! = fo = W

fy = +/ze¥. Now f(1,0) = 1, so we set
(a,b) = (1,0), Az = —0.01, Ay = 0.02. Thus
v0.99€e*% ~ 1+ 1 (-0.01) +1(0.02) = 1.015.

Letw = f(x,y,2) = Va2 +y2+22 =

_ z _ y_
fe /$2+y2+22’fy /x2+y2+z2’
fo= —— Now f(3,2,6) = V49 = 7, so we
/m2+y2+22

set (a,b,¢) = (3,2,6), Az = 0.02, Ay = —0.03, and
Az = —0.01. Thus
\/(3.02)2 +(1.97)% + (5.99)> =~ f(3,2,6) + dw
=7+ 2(0.02) + 2 (—0.03) + £ (—0.01) ~ 6.9914




