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11.5 | THE CHAIN RULE

SECTION I11.5 THE CHAIN RULE

B Click here for answers.

1-8 = Use the Chain Rule to find dz/dt or dw/dt.

lLz=x>+y% x=1, y=1+1+

2.2=x% x=1+.t, y=1-4/t
3.z=In(x +y?), x=J1+1 y=1+/1
4, z =xe*”, x=cost, y=e"

5. 2=06x>—3xy +2y%, x=e¢e', y=cost

6. z=x1+y2, x=te* y=e'

7. w=xy2®, x=sint, y=cost, z=1+e*

8 w= +X, x=+/t, y=cos2t, z=e"
z

x
y

9-14 = Use the Chain Rule to find dz/ds and 9z/dt.
9. z=x%siny, x=s>+1% y=2st

10. z=sinxcosy, x=(s—1% y=s>—1¢

t

I z=x*—=3x%’, x=se, y=se’

12. z=xtan '(xy), x=1% y=se'

13. z=2"%, x=ys% y=st
14 z=xe’ +ye ™, x=e', y=st’

15-22 = Use the Chain Rule to find the indicated partial
derivatives.

15, w=x>+y>+ 2% x=st y=scost, z=ssint;

16. u=xy +yz +zx, x=st, y=e", z=1%

J J
l, lwhenszo,tzl
ds ot

17. z=y2tanx, x = t*uv, y=u-+ w?;

—, —, — whent=2,u=1,v=0
v

B Click here for solutions.

2. u=pq—pirls p=x+2y, g=x -2y r=—s
y

23 xP—xy+y*'=38

25. xcosy + ycosx =1

30. y%ze*™ — sin(xyz) = 0

32, xe’ + yz +ze* =0

_'x —_ st —_ 1.
18. z=—, x =re", y=rse’;

2l. w = cos(x — y), x = rs**sin 6, y = r’st cos 0;

Jw Jw oJw Jw

ar’ as’ ot 90

4

Ju du
s = 2xy3/2; _— —
dx  dy

| | n - | | | | | | ] L | |

23-26 = Use Equation 6 to find dy/dx.

27-33 = Use Equations 7 to find dz/dx and dz/dy.
27. xy t yz —xz=10
28. x>+ y?—z22=2x(y + 2)

29. xy2 + xyz=x+y+z

3l xy? + yz2 + zx* =3

34. The radius of a right cylinder is decreasing at a rate of
1.2 cm/s while its height is increasing at a rate of 3 cm/s. At

what rate is the volume of the cylinder changing when the
radius is 80 cm and the height is 150 cm?

24. y° 4+ 3x*y? + 5x' =12
26. 2y° + Yxy =3x% + 17

33. In(x + y2) = 1 + xy*2®

dz dz 0z
—, —, — whenr=1,s=2,t=0
dr  ds Ot
x+y
19. u= ,x=pt+tr+t,y=p—r+tz=p+tr—ug
y+z
ouou o
ap’ or’ ot
at dt ot
20. 1 = zsec(xy), x =uv, y = ow, z = wu; —, —, ——
du Jdv  Jw
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2 = SECTION I1.5 THE CHAIN RULE

11.5 | ANSWERS

A Click here for exercises.

6t° + 4¢3 + 4t

, A1) 1-vD)* 3(1-1

. (2°7%1n2) (2st — 3t%), (2°7%*1In2) (s* — 6st)

Vit 2Vt
1 < 1 +1+\/Z>
VIFE+14+VE\2V1+1 Vi

e2t et

2t 2
. _ecost/em |:<1+C05t)sint_2€ COS t:|
. (1862t — 3 cos t) et + (Set — 4 cos t) sint

e+ e 2 (1+2t) —ty/T+ e 2

. y°2% (cost) 4 2zyz® (—sint) + 3zy®2” (2¢*)

1
z

. z 1 3y
. —— +2(sin2t) <?——) +W

2yV/t

. dszsiny + 2tx? cosy, datsiny + 25z cosy

. 2(s —t)coszcosy — 2ssinz siny,

2(t —s)cosxcosy + 2tsinzsiny

. (23: — 6xy3) et —9z%y%e !, (2x — 6:cy3) sel +9z2y%se!

2

met 2

_ zy x .
t ! —— | (2t _
an” ' (zy) + =y (2t) + = se

. (xey + efz) 12, (ey - yefz) et +2 (xey + efz) st
. 2,0

. 3,2

.0,0,4

. 0, —1

11
4> 2

- =t/ (p),0,1/p
. sec (zy) [w + vzy tan (zy)], z sec (zy) tan (zy) [yu + zw),

sec (zy) [u + vzz tan (zy))

B Click here for solufions.

21. stsin (z — y) [2r cos 6 — st*sin )],

[rtsin (z — y)] (rcos

— 2st?sin 0) s

[srsin (z — y)] (r cos 6 — 3st”sinf),
[—rstsin (z — y)] (st* cosf + rsinf)

82 (x+2y) (z+y)

22. 2x —

y13/2 ’
2y) z%y*/? (5z + 2
—8y + (r+2y)z y8 (52 + 2y)
Yy
y— 2 6y’ + 20>
R — M 4 T
3y2 —x S5yt + 6%y
25 ysinz — cosy 2% 18z — x~%/3y1/3
" cosz — xsiny T 12y + x1/3y=2/3
g, Y TH2 9. LY 2 YT
Yy—x Tr—1Y zZ+x zZ4+x
29 223 +32%y%2 — 1 2zy2® +22%y2 -1
T 3wy?22 4 a%y? — 10 3wy?2? +ay? — 1
30, 208 (zyz) — yze®tY xzcos (zyz) — "MV (2yz + y°2)
© yertv — xcos (vyz) y2erty — zy cos (zyz)
3 _y2 + 2zx _2:cy+z2
T 2yz a2’ 2yz 4 a2
2 e¥ +ze"  ze¥+2z
T oy+er T y+e®
28 V22 (x+yz) -1 2xyd (x4yz) — 2

y —3zy?22? (v +yz)" y — 3wy?2? (v + yz)

34, —96007 cm® /s
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11.5 | SOLUTIONS

SECTION I11.5 THE CHAIN RULE

3

A Click here for exercises.

Lz=z?4+3% o=t y=14+t =
dz dz dy
— =2z 2
Rk A
= (2t°) (3t%) + 2 (1 +t7) (2t) = 6> + 4> +
2z=2*Pc=1+Vty=1-vt =
dz:nyd—+322dy

4t

dt dt dt
1
:2zry7+3x <_2_\/Z)
:2(1+\/E)(1—\/¥)3L
#3VD (-vA) (<57
0= 0-v)’ 30-#°
B Vi 2Vt
3.zzln(az—i—yz),x:\/l—i—t,y:l—l—\/f =
d: 1 (R P
it~ mr) it @+ Jovi

7 1 ( 1 +1+\/i)
VIR HVENVIFE VR

4 z=ze®Y, x = cost,y = e** =

% — /Y (1 + E) (—sint) _ ny—%w/y (2@215)
Y

dt
— _ecost/em |:<

5. 2=62% —3zy+ 2%, c =€’y =cost =

f; (18z* — 3y) e + (—3xz + 4y) (—sint)

e4t

= (186% — 3 cos t) et + (3et — 4cost) sint

6. z=a\/1—92,x =t y=e"' =
% = VTT 07 (€2 + 2te™)

+ %x (1 + y2)_1/2 (2y) (—ei

BT +e 2 (1+2t) —t/T+e 2

7. w = xy2z3, r =sint,y =cost,z =1 +e2 =
dw

dt
8.w:£+g \/_y—cos2tz—63t =
Yy oz
dw 11 —x 1 . —y _3t
—_ = — + =) (—2sin2t — (-3
7 y2\/f+<y2+z)( sin )+22( e )
1 1 3y

x
= 42G6in2t) (= - =)+ 2L
2y\/f+ (sin )<y2 Z)+Z263t

ost) . 2e2! cos® t
5 | sint — ————

|

)

= y?2° (cost) + 2zy2° (—sint) + 3zy®z> (2€*")

. z=xe¥ +ye 7,

. z=x siny,z = s> +1%,y =25t =

% = (2wsiny) (25) + (22 cosy) (2t)
= 4szsiny + 2tz cosy
% = (2asiny) (2t) + (2% cosy) (2s)

= 4datsiny + 2sx% cosy

z=sinzcosy,x=(s—t)’,y=5>—12 =
% = (cosz cosy)2 (s —t) — (sinzsiny) (2s)
=2(s—t)coszcosy — (2s)sinzsiny
% = (coszcosy) (—2) (s — t) — (sinzsiny) (—2¢)
=2(t—s)coszcosy + 2tsinzsiny
cz=22—32%P =5, y=se" =
0z/0s = (2x — 6zy?) (e‘) + (—91’2 %) (e7)
= (Zm — 6xy3) et — -t
0z/0t = (2z — 6xy°) (se ) ( yz) (—se™)
(293 — 6:ry3) se! + 9z%y%se™!
L z=atan" ! (zy), z =%,y = se’ =
o x z? .
Z_ —2 40
5 = [ran ! o)+ | O+ o
2%
1+ 22y
0z [, _4 xy z? .
— = |t 2t
Y _an (xy)+1+ac2y2}( )+1+x2y256

L2 =2 =5y =st> =

9z/8s = (2In2) (2st) + z (—31n2) (¢?)
= (2°7%In2) (2st — 3t°)

9z/0t = (2In2) (s%) + z (—31n2) (2st)
= (2% 1n2) (s> — 6st)

z=e,y= st? =
0z/0s = (e¥ —ye™ ™) (0) + (we? +e~*) (£?)
t

= (mey+e ) 2
0z/0t = (e —ye ™) (e') + (we? + e~ ™) (2st)
. w—x2+y2+22 r =st,y = scost,z =ssint =
a_w Owdzr  Odwdy  Owiz
ds Oz s ay ds ' 0z Os
= 2xt + 2ycost + 2zsint

When s =1,t=0,wehavex =0,y = 1l and z = 0, so

Ow/ds = 2cos 0 = 2. Similarly

Ow/ot = 2xs + 2y (—ssint) + 2z (scost)
=0+ (-2)sin0+0=0

whens =1landt =0.
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SECTION I11.5 THE CHAIN RULE

u=xy+yz+zr,c=st,y=e",z=1t> =

Ou/0s = (y+2)t+ (x + 2)te® + (x +y) (0) and
Ou/0t = (y + 2) s+ (x + 2) se® + (z + y) (2t). When
s=0,t=1,wehavex =0,y =1,2z=1,s0

Oufds =2+1+0=3and du/dt =0+0+ (1) (2) =

. z:y2tan:r,x:t2uv,y:u+tv2 =

0z/0t =
0z/0u = (y2 sec? ) t2v + 2y tanx,

(y? sec® z) 2tuv + (2y tan z) v*

9z/0v = (y*sec® ) t*u + (2y tan ) 2tv. When t = 2,
u=1landv=0,wehavex =0,y = 1,50 9z/9t = 0,
0z/0u =0, 9z/dv = 4.

_‘T _ st _ t
z==,xz=re’t,y=rse’ =
Yy
oz 1, —x ,0z 1 .
ar " +y28’65_y Sre’,
Jdz 1 o x
— = —rse® — —rse’. Whenr =1,s =2and t = 0, we
oty y?
havem:l,y:2so@z/@r—%—&—fﬂ:O,
0z/0s=0—31=—-tandoz/ot=1.2-1.2=1
u:$+y,m=p+r+t,y:p—r+t,z=p+r—t$
y+z
ou 1 (y+2)—(+y) z+y
Op  y+z (y+2)° (y+2)°
_ Wttty _, z-=
(y+2)? (y+2)°
—2t 7i
a2 p?
1 _
@: + = xZ(—l)— $+y2:0,and
o ytz (y+2) (y +2)
ou 1 z— T4y
ot yt+z  (y+=2)?  (y+2)?

y+z 2 1

(y+2)* 20 p

t=zsec(zy), z =uv,y =vw, z =wWu =

% = [zy sec (zy) tan (zy)] v + [z sec (zy) tan (zy)] (0)
+ [sec (zy)] w
= sec (zy) [w + vzy tan (zy)]
ot
= [zy sec (zy) tan (zy)] u + [zz sec (zy) tan (zy)] w
+ [sec (zy)] (0)
= zsec (zy) tan (zy) [yu + zw]
ot

i [zy sec (zy) tan (zy)] (0) + [zz sec (zy) tan (zy)] v
+ [sec (zy)] u
= sec (zy) [u 4+ vzz tan (zy)]

2. 88—1: = [—sin (z — y)] s*t3sin@ + [sin (x — y)] 2rst cos O
= stsin (z — y) [2r cos 6 — st* sin 6]
?9_1: = [—sin (x — y)] 2rst®sin 6 + [sin (x — y)] r*t cosd
= [rtsin (z — y)] (r cos @ — 2st*sin 0)
%—Z} = [—sin (z — y)] 3rs*t? sin 0 + [sin (z — y)] r*scos O
= [srsin (z — y)] (rcos @ — 3st>sin0)
88_15 = [—sin (z — y)] rs*t cos 0 + [sin (z — y)] (—r>stsin6)
= [—rstsin (z — y)] (st” cos 6 + rsin6)
1
22, % = (g —2pr’s) +p+ (—2p°rs) "
+ (71021"2) (2y3/2)
2
=p+q—2pris— 21;4TS — 2p2r2y3/2
2
Cop 8z” (z + 2y) (z + y)
y13/2
& — (g 20r%5) (2) +p(-2)
dy
2 4z 2 2 1/2
+ (—2p rs) _E + (—p r )3:By
=2(q—p) —4pris + M 3p*rieyt/?
2y) 2y1/? 9
— syt (z+2y)x i (5z + 2y)
Y
2. 2% —zy+y®=8,s0let F(x,y) = —ay+y>—8=0.
Thend—y :f& = _(233_3/2) = y2—21’.
dx Fy —x + 3y 3y? —x
2. y° + 32%y? + 5zt = 12, so let
F(z,y) = ¢y° + 32%y* + 52* — 12 = 0. Then
dy __Fr __Gny’ + 2007
dr  F, 5yt + 622y
25. xcosy + ycosx = 1, so let
F (z,y) = zcosy + ycosz — 1 = 0. Then
dy _ cosy—ysinz _ ysinz —cosy
dr  —zsiny+cosxz cosx —xsiny’
26. 2y> + ¥xy = 32> + 17, so let
F(z,y) = 2y®> + &zy — 32> — 17 = 0. Then
dy _y/[3 (:cy)Q/s} — 6z 18 — gm2/3y1/3
dz 4yt / [3 (my)z/s} 12y + a!/3y=2/3
27. Let F (z,y,2) = 2y + yz — xz = 0. Then

0z P y—z _z—y
i T
62_ F, T+ z T+ z

oy F. y-z z-y
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28.

29.

30.

31

2? +y? - 2P =2z (y + z). Let
F(fﬂ,yyz):$2+y272272x(y+z):0. Then

0z Fy 2r—-2y—2z w—y-—=z
or  F, —2z2—2x 24z
0z F,  2y—2x y-—=x
a_y__Fz__—Zz—Qm_z—i—x

zy?2® +3y?r = x4+ y+ 2. Let
F(x,y,2) = 2y*2® + 23y%2 — (x +y + 2).

Then % = _E = _y2z3 30ty - 1,
oz F, 3xy?22 + x8y? — 1
Oz Fy 72wyz3 +223yz —1
Oy F, 3ry222 +x3y2 — 17
Let ' (x,y,2) = y?2ze™ ¥ — sin (xyz) = 0. Then
Oz  Fp y?2e"Y — yz cos (xyz)
oz F, y2e*tv — zy cos (zyz)

2z cos (zyz) — yze*tY

yer+v — x cos (zyz)
0z F,

oy~ F.

zzcos (zyz) — "1V (2yz + y°2)

y2e*ty — zy cos (zyz)

xy? + y2® + za® = 3, 50 let
F(x,y) = 2y® + yz* + z2®> — 3 = 0.

0z F, y? + 22z
Then — = —— = —2——— and
en ox F, 2yz + x2 an
0z F, 2xy + 2°

C 2yz 422

32.

33.

34.

SECTION I11.5 THE CHAIN RULE

Let F (z,y,2) = ze¥ + yz + ze” = 0. Then
82_ Fy eY + ze® 82_ F, ze¥ + z

or  F, y—l—ez’a_yi F,

In(z 4+ yz) = 14 zy*23, so let
F(z,y) =In(z+yz) — 1 —xy?*2® = 0. Then

0z F,

9z _ _Fo_ 1/(z+yz) -y
oz F, y/(z+yz)— 3wy2:2
_ PPty —1
y — 3xy?22 (z + yz)

Oz Fy

2/ (@+yz) = 2xyz>
y/ (x4 yz) — 3zy?2?

20y (w4 y2) — 2

oy —3zy?2? (¢ + y2)

oy F.

dr/dt = —1.2,dh/dt = 3,V = wr?h and
dV/ dt = 2nrh (dr/dt) 4 7r? (dh/dt).
Thus when r» = 80 and h = 150,

y+er

dV/ dt = (—28,800) 7 + (19,200) 7 = —96007 cm?/s.

5



