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SECTION 12.1 DOUBLE INTEGRALS OVER RECTANGLES

12.1 | DOUBLE INTEGRALS OVER RECTANGLES

B Click here for answers.

I. Find approximations to ([, (x — 3y?) dA using the same
subrectangles as in Example 3 but choosing the sample point to
be the (a) upper left corner, (b) upper right corner, (c) lower
left corner, (d) lower right corner of each subrectangle.

2. Find the approximation to the volume in Example 1 if the

Midpoint Rule is used.

3. (a) Estimate the volume of the solid that lies below
the surface z = x* + 4y and above the rectangle
R ={(x,y)|0 < x =<2,0 <y = 3}. Use a Riemann
sum with m = 2, n = 3, and take the sample point to
be the upper right corner of each subrectangle.
(b) Use the Midpoint Rule to estimate the volume of the
solid in part (a).

4. If R =[—2,2] X [—1, 1], use a Riemann sum with

m = n = 4 to estimate the value of [, (2x + x’y) dA.
Take the sample points to be the lower left corners of the
subrectangles.

5-8 = Find [} f(x, y) dy and || f(x, y) dx.

5 f(x,y) = x%° 6. f(x,y) =2xy — 3x?
7. f(x.y) = xe™ 8. f(xy) =
y2+1

9-16 = Calculate the iterated integral.

9. f: f: Xy dx dy 10. foz f: e dydx
1 fil fol (x*y? + 3xy)) dydx 12 JOI J? (x* =y dx dy
3. f(:r“ f; sin x dy dx 14. Lﬂ/z Lﬂ/z sin x cos y dy dx

(m/2(m/2 .
16. JO fo sin(x + y) dy dx

5. f; fol \/xTy dx dy

B Click here for solutions.

17-23 = Calculate the double integral.

17. J](2y2_3xy3)dA, R={x)|1<x<20<y<3}
R

18. ﬂ <xy2+i>dA, R={(xy)|2<x<3 —1<y
R

19. HxsinydA, R={(x,y)|lsx<4 0<y<7/6}

R

1+
2o.ﬂ TdA, R={(xy)|-1<x<2 0<y<1}
" 1+y

21. nye"dA, R={(xy]0<x<2 0<y<1}

R

22. ﬂxe"-"dA, R=1[0,1] X [0,1]
R

o1
23. Jf dA, R=1[1,2]x[0,1]
i x+y

24. Find the volume of the solid lying under the plane
z = 2x + 5y + 1 and above the rectangle
{xy)|-1sx=<0,1sy=s4h.

25. Find the volume of the solid lying under the circular
paraboloid z = x* + y* and above the rectangle
R=1[-2,2] X [-3,3]

26. Find the volume of the solid lying under the hyperbolic
paraboloid z = y? — x* and above the square
R=[-1,1] X [1,3]

27. Find the average value of f(x, y) = x sin xy over the
rectangle R = [0, /2] X [0, 1].
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2 = SECTION I2.1 DOUBLE INTEGRALS OVER RECTANGLES

12.1 | ANSWERS

A Click here for exercises. B Click here for solutions.
16. 2
1. (a) —17.75 6
17. — 58
(b) —15.75 © T8
(c) =8.75 18. 2 +1n,/2
(d) —6.75 (o)
15(2—+/3
2. 49 9. ———~
3. (a) 63 20. $1In2
(b) 43.5 21. 2
4. —11 22. e — 2
5. 422, %y?’ 23. In ?—g
6. 4z — 627,y — 1 24.7_25
7. ze® (62 — 1), e 25. 104
_ 1 26. 16
8 rtan 12, ——
2 2
2(y*+1) 7.1 2

1. 0
88
12, 8
1
13. 3 (1 - ﬁ)
41

15. 1 (31— 9v3)
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12.1 | SOLUTIONS

SECTION 12.1 DOUBLE INTEGRALS OVER RECTANGLES =

A Click here for exercises.

2

1 () Z > f (@) AA

1=15=1

=f(0,2)AA+f(0,2) AA
+f(1,3)AA+ f(1,2) AA

= (¥ 3+ (-1}
+(1-2);+(1-12)1

=-17.75
® 5 [7(13) +F0,2)+F (2, >+f2 )]
=1[-Z 4 (~11) + (=) + (-10)]
=1 (_73) = —15.75
© 3 [FO, 1)+ £(0,8) + F(1,1) + £(1,2)]
=1[-3-2_2-2]=_875
@ 3P+ (1,3 +F@1+f(23)]
=1[2-B_-1-Y]=_675

2V [f(53)+/(5:3)+7G
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3. (a) The subrectangles are shown in the figure. The surface is
the graph of f (z,y) =  + 4y and AA = 1, so we
estimate

2 3
Vim 3 3 fo,y) AA

:f(l;1)AA+f(1,2)AA+f(1,3)AA

FF(2,1)AA+ f(2,2) AA+ £(2,3) AA
=5(1)+9(1) +13(1) +8(1) + 12 (1) + 16 (1)
=63
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4. The subrectangles are shown in the figure.
y
1

-1

Since AA = 1, we estimate

//R(Qac—i-xzy ) dA ~ Z Z F2h,u5) AA

=3 [f(=2-D+F(-2-3) +F(-2,00+ f(-2,3)
+f(—1,—1)+f(1——)+f( ,0)
+f(=Lg) + 0, -1)+f(0,~3)
+ £(0,0)+ f£(0,5) + f(1,-1)

+f (L =3) +F(1,0)+ £ (1,3)]

=1(-2)=-1
5. | dy = 2* Ey‘*]i = 422,
Jo 2 de = y° [32°], = 30°
6. f (2zy — 32%) dy = [zy® — 3x2y]0 = 4z — 627,
f (Qxy 3z ) dr = [yw2 — xshl) =y—1

7. fo ze" ™ dy = ze® [eV]2 = (e"1? —e%)
= xe® (62 — 1)

fol et dr = e¥ fol ze® dr = e¥ [ze” — e*]) = e¥
2
x -
8./0 y2+1dy::c[tan

/1Ldm_;£l_;
o ¥2H1 T T 21 2], 2(2+1)

1

y]?) = ztan~'2,

9. fo fo zy/ydxdy = fo [%“‘2] dy = fo 2\ydy
4
_[a,3/2
], =%
10. f02f03 e Vdydr = f02 [—em_y]z dz
2 e

=/, (l—e )dx:ez—efl—l—i—ef?’

Il.filfol (a:3y2 + Sxyz) dy dz
= fi [12°y* + zy }y L dr = fil [32° + 2] do
1
= [fee' +32°]1, =0
Alternate Solution: Applying Fubini’s Theorem, the integral
equals

folfil (m3y2 + Bxyz) dx dy
= Jo [zv*a" + 30%2®] ;1 dy = Jg 0dy =0
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4 = SECTION I2.1 DOUBLE INTEGRALS OVER RECTANGLES

12. folflz (z* —y?) dody = f12f01 (z* — ) dy da 0. [[,zye? dA = f02f01 zye dy dx = f02 zdx fol ye¥ dy
= [} [ty = 59°) s do =[] [t = 3] do = [32°[31e" (y = Dlg  (by parts)
— [ - 3= 8 —t-0) 0+ ) =2
13. fow/‘lfo?’ sinz dy dx = 3f0ﬂ/4 sinz dx = 3[— cos m]g/4 22. folfol ze® dydx = fol [exy]gzé dr = fol (e® —1)dx
:3(1—%) =" —a],=e—2
/2 pw/2 .
4. [77 [/ sinx cosy dy dx 2. / / dwdy:fol In (@ + y)]°=2 dy

= fow/g sin z dx fow/g cosy dy (as in Example 8)

In (2 + In(1+y)]d
:[7cosm]g/2[siny]g/2:7(071)(170):1 [ ( y) —In( y)l dy

=h
= [+ ) mE+y) - (2+y)]

r=1
_ )32 1
15 ol VARG dzdy = [7 (3 0] dy —[+ Y +y - L+y)] ]
_ 2 3/2 372
=3 fo [(1 +v) Yy ] dy [by parts separately for each term]
3 or by the Table of Integrals
_ % [% (1 +y)5/2 _ %y5/2:|0 Yy g

=(3In3) —3—(2In2)+2—[(2In2—2) — (0 — 1)]

_ 4 _95/2 — 4 _
i5 [32 3 1] 15 (31 9\/5) :31n3—41n2:1n?—g

w/2 pm/2 .
16 [772 [7"% sin (@ + y) dy da WV =[[,(2c+5y+1)dA= [![% 2z +5y+1)dady
f —cos (z + )]y =5 7% dy _ 5 =0 . 5y d 5
= 2 + 5oy + a0, dy = [ Sydy = §y°])
=1

[cosxfcos (x4 %) dx _ 15
2
ne—sin (x4 3)];?

= [sin
—(1-0)—(0-1)=2 s 52
25.V=ffR(a:2+y2)dA=f3f (x2+y2)d:rdy

17. f1f0 (2y° —3xy)dyd:v—f1 i m/]y dx —f [$2° +yx}'i dy—f (3 + 4y?] dy
2
_fl (18 243 )d,fIZ_ [18:17 2431;2]1 7_% _ [13—6y+%y3}3_3:2(16+36):104
S5 S0 (g gt dyda
_r3r1 2 2 _ 3pl 2 2
:fz [ xy + ;nyfl]y dr _f2 ( 2 1) dr 26. Vﬁ 1\[—1 (y x )d.’Edy 2]‘1 fO (y z )dmdy

=23 ylr — 123 Iil dy =2 Yy —3)dy
il e =3 dy =217 (= B

3

—
©o

= [éx2 — —lnx]

19. fow/ﬁffacsinydxdy = ( OW/G sinydy) <f14mdx)
(1) 1 = o)

2 )2 — 4 1

o [ g [ ] /w s

2
= (1 +y))p [z + 32%], — 2
=(n2)(2+2+1-3) =22 /2

=2 [V (1 —cosz)dx

coszy]y— o dz

:%[x—sina:}gﬂ:l—%





