
1. Electric charge is distributed over the rectangle ,
so that the charge density at is

(measured in coulombs per square meter).
Find the total charge on the rectangle.

2. Electric charge is distributed over the unit disk 
so that the charge density at is+ 
(measured in coulombs per square meter). Find the total charge
on the disk.

3–9 ■ Find the mass and center of mass of the lamina that 
occupies the region and has the given density function .

3. ;

4. ; ��x, y� � yD � ��x, y� � 0 � x � 2, 0 � y � 3�

��x, y� � x 2D � ��x, y� � �1 � x � 1, 0 � y � 1�

�D

��x, y� � 1 � x 2 � y 2�x, y�
x 2 � y 2 � 1

��x, y� � x 2 � 3y 2
�x, y�1 � y � 2

0 � x � 2 5. is the region in the first quadrant bounded by the parabola
and the line ;

6. is bounded by the parabola and the -axis;

7. is bounded by the cardioid ;

8. ;

9. ;

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

10. Find the moments of inertia , , for the lamina of
Problem 5.

I0IyIx

��x, y� � xD � ��x, y� � 0 � y � cos x, 0 � x � ��2�

��x, y� � yD � ��x, y� � 0 � y � sin x, 0 � x � � �

��x, y� � 2r � 1 � sin �D

��x, y� � y
xy � 9 � x 2DCAS

��x, y� � xyy � 1y � x 2
D
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2 ■ SECTION 12.4 APPLICATIONS OF DOUBLE INTEGRALS

C l i c k  h e r e  f o r  s o l u t i o n s .SC l i c k  h e r e  f o r  e x e r c i s e s .E

ANSWERS12.4

1.
50

3
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2.
3π
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C

3.
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3
,
(
0, 1

2

)

4. 9, (1, 2)

5.
1

6
,
(
4

7
, 3

4

)

6.
648

5
,
(
0, 36

7

)
7. 3π,

(
0, 5

6

)
8.

π
4
,
(
π
2
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9π

)

9.
π − 2

2
,

(
π2

− 8

2 (π − 2)
,
π

4

)

10.
1

10
, 1

16
, 13
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SECTION 12.4 APPLICATIONS OF DOUBLE INTEGRALS ■ 3

C l i c k  h e r e  f o r  e x e r c i s e s .E

SOLUTIONS12.4

1. Q =
∫∫

D

(
x2 + 3y2

)
dA =

∫
2

0

∫ 2

1

(
x2 + 3y2

)
dy dx

=
∫ 2

0

[
x2y + y3

]y=2

y=1
dx =

∫
2

0

(
x2 + 7

)
dx

=
[
1

3
x3 + 7x

]2
0
= 8

3
+ 14 = 50

3
C

2. Q =
∫∫

0≤x2+y2 ≤ 1

(
1 + x2 + y2

)
dA

=
∫ 2π

0

∫ 1

0

(
1 + r2

)
r dr dθ =

∫
2π

0
dθ

∫
1

0

(
r + r3

)
dr

= 2π
[
1

2
r2 + 1

4
r4
]1
0
= 3π

2
C

3. m =
∫∫

D
ρ (x, y) dA =

∫ 1

−1

∫ 1

0
x2 dy dx

=
∫ 1

−1
x2 dx

∫
1

0
dy =

[
1

3
x3

]1
−1

[y]1
0
= 2

3

x = 1

m

∫∫
D
xρ (x, y) dA = 3

2

∫ 1

−1

∫ 1

0
x3 dy dx

= 3

2

∫ 1

−1
x3 dx

∫
1

0
dy = 3

2

[
1

4
x4

]1
−1

[y]1
0
= 0

y = 1

m

∫∫
D
yρ (x, y) dA = 3

2

∫ 1

−1

∫ 1

0
x2y dy dx

= 3

2

∫ 1

−1
x2 dx

∫
1

0
y dy = 3

2

[
1

3
x3

]1
−1

[
1

2
y2
]1
0
= 1

2

Hence (x, y) =
(
0, 1

2

)
.

4. m =
∫

3

0

∫ 2

0
y dx dy =

∫
2

0
dx

∫
3

0
y dy = 9,

My =
∫

3

0

∫
2

0
xy dx dy =

∫
2

0
xdx

∫
3

0
y dy = 9 and

Mx =
∫

3

0

∫ 2

0
y2 dx dy =

∫
2

0
dx

∫
3

0
y2 dy = 18.

Hencem = 9, (x, y) = (My/m,Mx/m) = (1, 2).

5. m =
∫

1

0

∫ 1

x2 xy dy dx =
∫

1

0

(
1

2
x−

1

2
x5

)
dx = 1

4
−

1

12
= 1

6
,

My =
∫

1

0

∫ 1

x2 x
2y dy dx =

∫
1

0

(
1

2
x2

−

1

2
x6

)
dx =

1

6
−

1

14
= 2

21
and Mx =

∫ 1

0

∫ 1

x2 xy
2 dy dx =

∫
1

0

(
1

3
x−

1

3
x7

)
dx = 1

6
−

1

24
= 1

8
.

Hencem = 1

6
, (x, y) =

(
4

7
, 3

4

)
.

6. m =
∫ 3

−3

∫ 9−x2

0
y dy dx =

∫ 3

−3

1

2

(
81− 18x2 + x4

)
dx

= 243− 162 + 243

5
= 648

5
= 34 · 8

5

My = 0 since ρ is independent of x and the region is

symmetric about the y-axis, and

Mx =
∫

3

−3

∫ 9−x2

0
y2 dy dx =

∫
3

−3

1

3

(
9− x2

)3
dx

= 2
∫

3

0

(
243− 81x2 + 9x4

−

1

3
x6

)
dx

= 2
[
36 − 36 + 1

5
37 − 1

21
37
]

= 2
[
36 · 21− 5

35

]
= 36 · 32

35

Hencem = 648

5
, (x, y) =

(
0, 36

7

)
.

7. Working in polar coordinates,

m =
∫ 2π

0

∫ 1+sin θ

0
2rdrdθ =

∫
2π

0
(1 + sin θ)2 dθ

=
∫

2π

0

[
1 + 2 sin θ + 1

2
(1 − cos 2θ)

]
dθ

=
[
3

2
θ − 2 cos θ − 1

4
sin 2θ

]2π
0

= 3π

My = 0 since the lamina is homogeneous and symmetric

with respect to the y-axis, and

Mx =
∫

2π

0

∫ 1+sin θ

0

(
2r2 sin θ

)
drdθ

= 2

3

∫ 2π

0
(1 + sin θ)3 sin θdθ

= 2

3

∫ 2π

0

(
sin θ + 3 sin2 θ + 3 sin3 θ + sin4 θ

)
dθ

= 2

3

(
3π + 3

4
π
)
= 5π

2

Hencem = 3π, (x, y) =
(
0, 5

6

)
.

8. m =
∫ π

0

∫ sinx

0
y dy dx =

∫ π

0

1

2
sin2 x dx

=
[
1

4
x−

1

8
sin 2x

]π
0
= 1

4
π

My =
∫ π

0

∫ sinx

0
xy dy dx =

∫ π

0

1

2
x sin2 x dx

=
[
1

8
x2

−

1

8
x sin 2x−

1

16
cos 2x

]π
0
= 1

8
π2

and

Mx =
∫ π

0

∫ sinx

0
y2dy dx =

∫ π

0

1

3
sin3 x dx

= 1

3

[
− cosx+ 1

3
cos3 x

]π
0
= 4

9

Hencem = π
4
, (x, y) =

(
π
2
, 16

9π

)
.

9. m =
∫ π/2

0

∫ cos x

0
x dy dx =

∫ π/2

0
x cosxdx

= [x sinx+ cosx]π/2
0

= π
2
− 1

My =
∫ π/2

0

∫ cosx

0
x2 dy dx =

∫ π/2

0
x2 cosx dx

=
[
x2 sinx+ 2x cosx− 2 sinx

]π/2

0
= π2

4
− 2

and

Mx =
∫ π/2

0

∫ cos x

0
xy dy dx =

∫ π/2

0

1

2
x cos2 x dx

= 1

2

[
x2

− x+ (x− 1) sinx cosx
]π/2

0
= π2

8
−

π
4

Hencem =
π − 2

2
, (x, y) =

(
π2

− 8

2 (π − 2)
,
π

4

)
.

10. Ix =
∫∫

D
y2ρ (x, y) dA =

∫
1

0

∫ 1

x2 y
2 (xy) dy dx

=
∫ 1

0

[
1

4
xy4

]y=1

y=x2
dx =

∫ 1

0

1

4

(
x− x9

)
dx

= 1

8
−

1

40
= 1

10

Iy =
∫∫

D
x2ρ (x, y) dA =

∫
1

0

∫ 1

x2 x
3y dy dx

=
∫ 1

0

[
1

2
x3y2

]y=1

y=x2
dx =

∫ 1

0

1

2

(
x3

− x7
)
dx

= 1

8
−

1

16
= 1

16

I0 = Ix + Iy = 13

80
.
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