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12.5 ‘ TRIPLE INTEGRALS

SECTION 12.5 TRIPLE INTEGRALS = |

B Click here for answers.

I. Evaluate the integral [[[, (x> + yz) dV, where
E={xy2|0sx<2 -3<sy<0, -1<:<1}
using three different orders of integration.

2-6 = Evaluate the iterated integral.

2. J:)l fo fo) xyzdx dy dz 3. fol sz j(:ﬂ. 2xy dz dy dx

L1 zsmyaraay s [T [y deas

6. J‘lz fOX fol Xy dz dy dx

7-11 = Evaluate the triple integral.

7. ([[, yz dV, where
E={(xy2|0sz<1,0<sys<2,0sx<z+2}

8. [[[, e*dV, where
E={(xy2|0sy<s1,0sx<y0szs<x+y}

9. [[[, ydV, where E lies under the plane z = x + 2y and
above the region in the xy-plane bounded by the curves
y=x%y=0,andx = 1

10. f[f, x dV, where E is bounded by the planes x = 0, y = 0,
z=0,and3x + 2y + z =106

B Click here for solutions.

12—
12.

13.

{[[,, zdV, where E is bounded by the planes x = 0, y = 0,
z=0,ytz=1l,andx +z=1
I5 = Use a triple integral to find the volume of the given solid.

The tetrahedron bounded by the coordinate planes and the
plane 2x + 3y + 6z = 12

The solid bounded by the elliptic cylinder 4x? + z*> = 4 and
the planesy =0andy =z + 2

. The solid bounded by the cylinder x = y? and the planes z = 0

andx +z=1

. The solid enclosed by the paraboloids z = x? + y? and

z=18 —x* —y?

. Evaluate the triple integral exactly:

[ [ ety + 22) dy dz ax

. Set up, but do not evaluate, integral expressions for

(a) the mass, (b) the center of mass, and (c) the moment of
inertia about the z-axis of the solid bounded by the paraboloid
x = 4y* 4+ 4z and the plane x = 4 with density function
p(x,y,2) = x>+ y* + 2%

. Find the average value of the function f(x,y,z) =x +y + z

over the tetrahedron with vertices (0, 0, 0), (1, 0, 0), (0, 1, 0),
and (0, 0, 1).
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12.5 | ANSWERS

A Click here for exercises.
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B Click here for solutions.

1 =
15. 817
6 35 511 140 749
16. e (—ﬁ — ﬁcos4 — 1sind) — =
17. (a) 1, f f4y 2iae (B0 + Y7+ 2%) dedzdy

) (Z,7,z )where

=4 f_ f f4y +42296($ +y°+2 )dxdzdy
y: f_ f f4y +422y(x +y°+2 )dxdzdy
z=% 5 f f4y a2 (27 P+ 22) dadz dy
© 1 f f4u 2oane (22497 (2% + 47 + 22) dudzdy
3
4
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12.5 \ SOLUTIONS

SECTION 12.5 TRIPLE INTEGRALS = 3

A Click here for exercises.

1 fo2f_03f_11 ($2 +yz) dzdy dz
:f02f_03 [z22+ syz ]z——l dyd:r—fof 222 dy dx
=[5 [20%y]'2°  dw = [} 62 dw = 22°] =16
f11f03f02 ("EQ + yz) dz dy dz
= [ 3 P +ayz] dydz
:f f (—+2yz)dydz:f7 [3y+yz] =0 4.

y=—3
= [}, 8-92)de = [82-§2*]" =16
f_lfo f_3 (* +yz) dydxdz
= f11f02 [a:2y+ 3Y ZL/_ 5 drdz

= 3a? ——z drdz = E 2 — 2z Ii2 dz
1 0 1 2% ] 2=0

= [ (8-92)dz=[82—§2%]" =16

[ nd

folfozfoy ryzdedydz = folfoz (%ygz) dy dz

11 61 _ 1
=Jo zdz 48Z |0_48

Lt

fol szfonry 2xy dz dy dx
= folfm (22%y + 2xy?) dy dw = fol [%y® + 2zy°] iz dz

123

23 4| _ 23
=/, 3z tdr = 0

15

4 fowfozfo 4= zsiny dr dz dy
= foﬂf(f ZMSinydzdy

:fo" [—% (4—z2)3/2] smydy—fo $sinydy

8

_ _8 T _ 16
= 3cosy‘0—

3

Ll

fo o fo yZddedit_fofo
_fo[ z]vgz dr = i(9x2—x4)da:

lo=

(2x z) dzdzx

1
[ 57

6 [2fL iV at P adedyde = [ [ (20?2 T dyda
7f1 o 37y (1 — )’ dydx
= 207 (B 0+ ) dye
= [?[22%y — 1oyt + Lo y]z o
:f1 (32° — 12" + 152°) d=

= [’ - 3%;68—&-9—10:59}?

— 128 256 4 512 1 1 _ 1 _ 7387
) 32 90 42 T 32 7 90 — 10,080

1. fol OQZ 0z+2 yzdrdydz = f01f022 yz(z+2)dydz
= fol (224 + 4z3) dz = %

8. fo I P o dz da dy = folfoy (x+y)e®dxdy
SHA ac—i—y—l)e’”]gdy:fol [(2y—1)e¥ —
— [2yey—3ey—ly2+y]1 =1(7-2¢)

T 2
9. fo fo +2yydzdydx = fo fo (yz + 2y°) dy dz
= fo [ zy® + 3y ] dr = fol (%‘Zj + %mG) dx

= [54° +ﬁﬂé =

(y -1 dy

10. Here E is the region that lies under the plane
3z 4 2y + z = 6 and above the region
in the zy-plane bounded by the lines z = 0,y = 0 and
3z + 2y =6, so
fffE:th fo 3=3w/2 6 o= nydzdydac

7f0 3— 3T/2(
:fo [(Gx—?)x ) (3—§$) —x(S—%x)z] dx
:9f02 (JJ 411 )

o3 et

—3z% — 2xy) dy dzx

By symmetry [[[,zdV =2 [[[,, zdV where E' is the
part of E to the left [as viewed from (10, 10, 0)] of the plane
z=1y.So
ffszdefolfylf 2zdzd:vdy—f0f (1—z)? dedy
=y 2 =2)°10 dy= [y 11—y dy
- 50— =%

12. The plane 2z + 3y + 6z = 12 intersects the zy-plane when
2r+3y+6(0)=12 = y=4— 2z So
E:{(x,y,z)|O§m§6,0<y<4—§$

0<z<i(12—2z-3y)}
and
V= fo 4-2z/3 (12—2m—3y)/6 dz dy d

4-2 3
_6f0 z/

= Efo [12y—2xy ng]y =4-22/3 g

6 — —
:1/ [(12 20)° 31222
0

— 2z — 3y)dydx

6 3 2 9

=& [(12 - 22)? do = [ (—3) (12— 22)°]) =8
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13. 16. A CAS gives
[2 R (2 s (5y 4 22) dy dz da
266(—%—%005 —%sinél)—%.
In Maple, we use
int (int (int (£, y=z-x..z+x),z=-1..sin(x)),
L2) ;.
JiaE 17. (a)m:f f f4y 22 (x +y2 4z )da:dzdy
d dzd
/ / vl PET ® @7, )where
4—422  rzt o z (2?2 +y? + 2% dedzd
= [ e w fmfww (Ery ) dmdady
4—4z2
4 4z2 y %f f f4y2+422y(m +y +z )ddedy
_2// (z+2)dzdx /—
Vi—4z? zZ= #f f \/—f4y2+4z2z(ac +y’+z )dmdzdy
1 z=24/1—22
:2/ {22 +2z} dx © S
. a1 L= Y T (28 07) (0492 + 27) dadzdy
=2[,8V1—a2dx
=16 [z2v1—a22 + 3 sin’lx](l) =4r 18. V(E) = (1)(?(1) = <. The equation of the plane through
" the last three verticesis z +y + z = 1, so

foe = 1 o s T SL T (b y + 2) dzdy de
=6/, ), e+ (l-az-y)+30-z—y)°*] dyda
:3f01 ( —2zy — 2° —y)dydx
=3f01 [ (z+y) ]dydm

vy Y =3[ -3 @+v’] "

Vo= [T dzdyde = [} [V (1 - z)dyds =3[y (1-z—3+32°)do= [ (+" -3 +2)da
= fy Va1 -a)de = [} 2(Va—a¥?) dz =i-5+2=3

_2[2 3/2 §x5/2}

dx

0
15. The paraboloids z = 2* + y* and z = 18 — 22 — 32
intersect when 2 + y? = 18 —z? — > =
222+ 2y =18 = 2% +y? =9. Thus,
E={(z,y,2) | 2" +y* <9,
x2—|—y2 <z< 18—w2—y2}
Let D = {(z,y) | ° + 3 < 9} Then
18—22—
V= [y dv = [, ([555 " d=) dA
= [/, (18 — 22" — 2y )dA
= 027Tf03 (18 — 2r2) rdrdf
= [27 [or® = 1r*)' 20 do = [27 8L do = 81n



