
1–3 ■ Change from spherical to rectangular coordinates.

1. 2.

3.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

4–7 ■ Change from rectangular to spherical coordinates.

4. 5.

6. 7.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

8–11 ■ Change from cylindrical to spherical coordinates.

8. 9.

10. 11.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

12–15 ■ Write the equation in spherical coordinates.

12. 13.

14. 15.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

x 2 � y 2 � 2zx � 2y � 3z � 6

x 2 � y 2 � z2 � 16x 2 � y 2 � z2 � 16

�12, �, 5��4, ��3, 4�

�1, ��2, 1�(s2, ��4, 0)

(�s3, �3, �2)(s3, 0, 1)

(1, 1, s2)��3, 0, 0�

�2, ��4, ��4�

�4, ��4, ��6��2, ��2, 3��4�

16–17 ■ Sketch the solid whose volume is given by the integral
and evaluate the integral.

16.

17.

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

18–21 ■ Use spherical coordinates.

18. Evaluate , where is the solid that lies
between the spheres and 
in the first octant.

19. Evaluate , where is bounded below by
the cone and above by the sphere .

20. Evaluate , where lies between the spheres 
and and above the cone .

21. Find the volume of the solid that lies above the cone 
and below the sphere .

■ ■ ■ ■ ■ ■ ■ ■ ■ ■ ■

� � 4 cos �
� � ��3

� � ��4� � 3
� � 1ExxxE x 2 dV

� � 2� � ��6
ExxxE sx 2 � y 2 � z 2 dV

x 2 � y 2 � z2 � 4x 2 � y 2 � z2 � 1
ExxxE xe �x2�y2�z2�2 dV

y
��3

0
 y

2�

0
 y

sec
 
�

0
 �2 sin � d� d� d�

y
��2

0
 y

��2

0
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1

0
 �2 sin � d� d� d�

SECTION 12.7 TRIPLE INTEGRALS IN SPHERICAL COORDINATES ■ 1

C l i c k  h e r e  f o r  a n s w e r s .A C l i c k  h e r e  f o r  s o l u t i o n s .S
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2 ■ SECTION 12.7 TRIPLE INTEGRALS IN SPHERICAL COORDINATES

C l i c k  h e r e  f o r  s o l u t i o n s .SC l i c k  h e r e  f o r  e x e r c i s e s .E

ANSWERS12.7

(
0,
√
2,−

√
2
) (√

2,
√
2, 2

√
3
)

(
1, 1,

√
2
) (

3, π, π

2

)

(
2, π

4
, π

4

) (
2, 0, π

3

)
(
4, 4π

3
, 2π

3

) (√
2, π

4
, π

2

)
(√

2, π

2
, π

4

) (
4
√
2, π

3
, π

4

)
(
13, π, cos−1

(
5

13

))

ρ = 4

ρ2
(
1− 2 cos2 φ

)
= 16

ρ (sinφ cos θ + 2 sinφ sin θ + 3 cosφ) = 6

ρ sin2 φ = 2 cosφ

1. 2.

3. 4.

5. 6.

7. 8.

9. 10.

11.

12.

13.

14.

15.

π
6

π

1

16
π
(
e16 − e

) (
2−√

3
)

121π
(

8−5
√
2

30

)

16. 17.

18. 19. 4π

20. 21. (0, 0, 2.1)
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SECTION 12.7 TRIPLE INTEGRALS IN SPHERICAL COORDINATES ■ 3

C l i c k  h e r e  f o r  e x e r c i s e s .E

SOLUTIONS12.7

x = 2 sin 3π

4
cos π

2
= 0, y = 2 sin 3π

4
sin π

2
=

√
2 and

z = 2 cos 3π

4
= −

√
2 so the point is

(
0,
√
2,−

√
2
)
.

x = 4 sin π

6
cos π

4
= 4

(
1

2

)
1√
2
=

√
2,

y = 4 sin π

6
sin π

4
=

√
2 and z = 4 cos π

6
= 4

(√
3

2

)
= 2

√
3

so the point is
(√

2,
√
2, 2

√
3
)
.

x = 2 sin π

4
cos π

4
= 1, y = 2 sin π

4
sin π

4
= 1 and

z = 2cos π

4
=

√
2 so the point is

(
1, 1,

√
2
)
in rectangular

coordinates.

ρ =
√
9 + 0 + 0 = 3, cosφ = 0

3
= 0 so φ = π

2
, and

cos θ =
−3

3 sin π

2

= −1 so θ = π, thus spherical coordinates

are
(
3, π, π

2

)
.

ρ =
√
1 + 1 + 2 = 2, cosφ =

√
2

2
so φ = π

4
, and

cos θ =
1

2 sin π

4

=
1√
2
so θ = π

4
, thus in spherical

coordinates the point is
(
2, π

4
, π

4

)
.

ρ =
√
3 + 1 = 2, cosφ = 1

2
so φ = π

3
, and

cos θ =

√
3

2 sin π

3

=

√
3 · 2

2 ·
√
3
= 1 so θ = 0, thus the point is

(
2, 0, π

3

)
in spherical coordinates.

Note: It is also apparent that θ = 0 since the point is in the

xz-plane and x > 0.

ρ =
√
3 + 9 + 4 = 4, cosφ = − 2

4
= − 1

2
so φ = 2π

3
, and

cos θ = −
√
3

4 sin 5π

6

= −
√
3 · 2

4 ·
√
3
= − 1

2
and y = −3 so

θ = 4π

3
. Thus in spherical coordinates the point is(

4, 4π

3
, 2π

3

)
.

ρ =
√

x2 + y2 + z2 =
√
r2 + z2 =

√
2 + 0 =

√
2; θ = π

4
;

z = ρ cosφ =
√
2 cosφ = 0 so φ = π

2
and the point is(√

2, π

4
, π

2

)
.

ρ =
√
r2 + z2 =

√
1 + 1 =

√
2, z = 1 =

√
2 cosφ, so

φ = π

4
, θ = π

2
and the point is

(√
2, π

2
, π

4

)
.

ρ =
√
r2 + z2 =

√
42 + 42 = 4

√
2; θ = π

3
;

z = 4 = 4
√
2 cosφ so cosφ = 1√

2
⇒ φ = π

4
and the

point is
(
4
√
2, π

3
, π

4

)
.

ρ =
√
r2 + z2 =

√
122 + 52 = 13, z = 5 = 13 cosφ, so

φ = cos−1
(

5

13

)
, θ = π and the point is

(
13, π, cos−1

(
5

13

))
.

1.

2.

3.

4.

5.

6.

7.

8.

9.

10.

11.

ρ2 = x2 + y2 + z2, so ρ2 = 16 or ρ = 4.

x2 + y2 − z2 = x2 + y2 + z2 − 2z2, so

ρ2 − 2ρ2 cos2 φ = 16 or ρ2
(
1− 2 cos2 φ

)
= 16.

ρ sinφ cos θ + 2ρ sinφ sin θ + 3ρ cosφ = 6 or

ρ (sinφ cos θ + 2 sinφ sin θ + 3 cosφ) = 6.

ρ2 sin2 φ cos2 θ + ρ2 sin2 φ sin2 θ = 2ρ cosφ or

ρ2 sin2 φ = 2ρ cosφ or ρ sin2 φ = 2cosφ.

12.

13.

14.

15.

The region of integration is given in spherical coordinates by

E =
{
(ρ, θ, φ) | 0 ≤ ρ ≤ 1, 0 ≤ θ ≤ π

2
, 0 ≤ φ ≤ π

2

}
. Thus

E is the solid in the first octant bounded by the sphere

ρ = x2 + y2 + z2 = 1 and the three coordinate planes.

∫ π/2

0

∫ π/2

0

∫ 1

0
ρ2 sinφdρ dθ dφ

=
∫ π/2

0

∫ π/2

0

[
1

3
ρ3 sinφ

]ρ=1

ρ=0
dθ dφ

=
∫ π/2

0

∫ π/2

0

1

3
sinφdθ dφ =

∫ π/2

0

1

3
sinφ [θ]

θ=π/2
θ=0

dφ

= 1

3

∫ π/2

0

π
2
sinφdφ = π

6
[− cosφ]π/2

0
= π

6

The region of integration is given in spherical coordinates by

E =
{
(ρ, θ, φ) | 0 ≤ θ ≤ 2π, 0 ≤ φ ≤ π

3
, 0 ≤ ρ ≤ secφ

}
.

Since ρ = secφ is equivalent to ρ cosφ = z = 1, E is the

solid bounded by the cone φ = π
3
and the plane z = 1.

∫ π/3

0

∫ 2π

0

∫ secφ

0
ρ2 sinφdρ dθ dφ

=
∫ π/3

0

∫ 2π

0

[
1

3
ρ3 sinφ

]ρ=secφ

ρ=0
dθ dφ

=
1

3

∫ π/3

0

∫ 2π

0

sinφ

cos3 φ
dθ dφ

= 2π
3

∫ π/3

0

(
tanφ sec2 φ

)
dφ = 2π

3

[
1

2
tan2 φ

]π/3

0
= π

16.

17.
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4 ■ SECTION 12.7 TRIPLE INTEGRALS IN SPHERICAL COORDINATES

∫∫∫
E
xe(x

2
+ y2

+ z2)2 dV

=
∫ π/2

0

∫ π/2

0

∫ 2

1
(ρ sinφ cos θ) eρ

4 (
ρ2 sinφ

)
dρ dφ dθ

=
∫ π/2

0
cos θ dθ

∫ π/2

0
sin2 φdφ

∫
2

1
ρ3eρ

4

dρ

= [sin θ]π/2
0

[
1

2
φ− 1

4
sin 2φ

]π/2

0

[
1

4
eρ

4
]2
1

= (1)
(
π
4

) [
1

4

(
e16 − e

)]
= 1

16
π
(
e16 − e

)
∫∫∫

E

√
x2 + y2 + z2 dV

=
∫

2π

0

∫ π/6

0

∫ 2

0
(ρ) ρ2 sinφdρ dφ dθ

=
∫ 2π

0
dθ

∫ π/6

0
sinφdφ

∫
2

0
ρ3 dρ

= [θ]2π
0

[− cosφ]π/6
0

[
1

4
ρ4
]2
0
= (2π)

(
1−

√
3

2

)
(4)

= 8π
(
1−

√
3

2

)
= 4π

(
2−√

3
)

∫∫∫
E
x2 dV =

∫
2π

0

∫ π/4

0

∫ 3

1
ρ4 sin3 φ cos2 θ dρ dφ dθ

=
∫ 2π

0
cos2 θ dθ

(∫ π/4

0
sin3 φdφ

) ∫
3

1
ρ4 dρ

= π
[− cosφ+ 1

3
cos3 φ

]π/4

0

[
1

5
ρ5
]3
1

= π
(

8−5
√
2

12

) (
242

5

)
= 121π

(
8−5

√
2

30

)

By the symmetry of the problem Myz = Mxz = 0. Then

Mxy =
∫

2π

0

∫ π/3

0

∫
4 cosφ

0
ρ3 cosφ sinφdρ dφdθ

=
∫ 2π

0

∫ π/3

0
cosφ sinφ

(
64 cos4 φ

)
dφ dθ

=
∫

2π

0
64

[− 1

6
cos6 φ

]φ=π/3

φ=0
dθ =

∫
2π

0

21

2
dθ = 21π

Hence (x, y, z) = (0, 0, 2.1).

18.

19.

20.

21.

Co
py

rig
ht

 ©
 2

01
3,

 C
en

ga
ge

 L
ea

rn
in

g.
 A

ll 
rig

ht
s 

re
se

rv
ed

.




