SECTION 12.7 TRIPLE INTEGRALS IN SPHERICAL COORDINATES = |

TRIPLE INTEGRALS IN SPHERICAL COORDINATES

B Click here for answers.

1-3 = Change from spherical to rectangular coordinates.

1. 2, 7/2,37/4) 2. (4, w/4, 7/6)

3. (2, w/4, w/4)

4-7 = Change from rectangular to spherical coordinates.

7. (=3, -3, -2)

8-11 = Change from cylindrical to spherical coordinates.
8. (2, 7/4,0)

10. (4, w/3,4)

9. (1, 7/2,1)

11. (12, =, 5)

12-15 = Write the equation in spherical coordinates.

12 x* +y2 + =16 13. x>+ y*—z2=16

14 x+2y+32=6 15. x> +y* =2z
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B Click here for solutions.

16—

17 = Sketch the solid whose volume is given by the integral

and evaluate the integral.

16.

17.

18-

18.

19.

20.

21.

fo"/ ? fo"/ “[!psin g dpao e

foﬂr/s fozﬂ f(:wbpz sin ¢dp a0 d¢

|} L} L] u |} |} L] u | | |}
21 = Use spherical coordinates.

Evaluate |||, xe %2 1y where E is the solid that lies
between the spheres x*> + y* + z2=land x> + y> + z* =4
in the first octant.

Evaluate [[, /x> + y? + z2dV, where E is bounded below by
the cone ¢ = /6 and above by the sphere p = 2.

Evaluate [[[, x> dV , where E lies between the spheres p = 1
and p = 3 and above the cone ¢ = 7/4.

Find the volume of the solid that lies above the cone ¢ = /3
and below the sphere p = 4 cos ¢.
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12.7 | ANSWERS

A Click here for exercises.

1. (07\/57_\/5) 2, (\/57 \/§a2\/§)
3. (1,1,v2) 4.(3,m, %)

5. (2,%5.%) 6. (2,0,%)
1(45. %) 8 (vV2,§,3)

13. p° (1 —2cos® ¢) =16
14. p(singcosf 4 2sin@sinf + 3cosP) = 6
15. psin® ¢ = 2cos ¢

Bl Click here for solutions.

16.

17.
1
™
19. 47 (2 — V/3)
21.(0,0,2.1)

p=sec ¢
(orz=1)
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12.7 | SOLUTIONS

SECTION 12.7 TRIPLE INTEGRALS IN SPHERICAL COORDINATES =

A Click here for exercises.

10.

L p=VT2 R+ 2 =2+ 22 =

.x—2sm7cosz—0 y—251n—sm— v/2 and
z = 2cos & = —/2 s0 the point is (0, v/2, —/2).
x:4sin%cos%:4(%)%:\/§,

y:4sin%sin% = \/Eandz:4cos% :4(73) =23
so the point is (v'2, V2, 2v/3).

s

.z =2sinjcost =1,y=2singsing =1and

1 1
z=2cos ] = V/2 so the point is (1, 1, \/5) in rectangular
coordinates.

p:\/9+O+O:3,cos¢:
_=3
3sin &

are (3,7r, %)

=0s0¢ = 7,and

cosf = = —1 so 6§ = m, thus spherical coordinates

2
. p:\/1+1+2:2,cos¢:%soqﬁ:%,and

cosf = 5 siln z = % so § = 7, thus in spherical

coordinates the point is (2, %, 7).
=V3+1=2cos¢=12s0¢=25, and

cosf = 2;1/11_% = ;/_—\/g = 1 s0 § = 0, thus the point is

(2,0, Z) in spherical coordinates.

Note: Tt is also apparent that § = 0 since the point is in the
zz-plane and z > 0.

p=V3+9+4=4,cos¢=—2=—7s0¢ =2, and
-2
cosf = — ﬁf—m 2—\/5 Z—%andy:—?,so
4 sin 5 4-4/3
0= 4—“ Thus in spherical coordinates the point is

(4, 451 %)

V2Z+0=v20=1%;
5 and the point is

z=pcosp=+2cos¢p=0s0¢ =T
(vV2,%,3)-

L p=VrP+ 22 =VI+1=v22=1=+2cos¢,so0

¢ = .0 = % and the point is (\/5, z.3).

p=VrP+22 =2 +42=4V20=1%,
Z=4:4\/_cos¢socos¢zﬁ =
point is (4\/5, T %)

p=VrTt 22 =122 152 =13,2=5= 13cos ¢, s0

¢ =cos™ ! (E)’ 0 = 7 and the point is (13,7r,cos ! (%))

= 7 and the

'p2:x2+y2+22,

L 22yt 22

sop?=160rp=4.

=22 +y?+22-222 50
p? —2p? cos® ¢ = 16 or p? (1 — 2cos? (i)) = 16.

. psingcosf + 2psinpsinf + 3pcosp = 6 or

p(sin@cosf + 2sin ¢sin @ + 3cos @) = 6.

. p?sin? ¢ cos® 0 + p?sin? psin® O = 2pcos ¢ or

p?sin® ¢ = 2pcos ¢ or psin? ¢ = 2 cos .

. The region of integration is given in spherical coordinates by

E={(p0,¢)|0<p<1,0<0<5,0<¢< 5} Thus
F is the solid in the first octant bounded by the sphere
p =22 +y? + 2% = 1 and the three coordinate planes.

X
S22 02 sin g dp df dop
/2 pm/2

~Jo Jo [50°sin¢] Z:(l) df d¢

= [P Lsingdgdo = []/% Lsing [0]9=5/ d¢

=3 Oﬂ/2gsm¢>d¢> == Cosqﬁ]’r/2 z

The region of integration is given in spherical coordinates by
E={(p,0,¢)|0<0<2m,0<¢<%,0<p<seco}.
Since p = sec ¢ is equivalent to pcos ¢ = z = 1, E is the

solid bounded by the cone ¢ = % and the plane z = 1.

p=sec ¢

(orz=1)

S

w3

X
[ 02” =% p2sin g dp df dop
Tr/g OW [1 3sm¢]p sec d df do
7/3 2w sin
5 ) g
cos3 ¢
= T’T Oﬂ/?’ (tand)sec qb) do = %’“ [%tanz d)];/S =
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18 [[f, wel=* 0"+ gy
= 077/2 OW/fo (psin ¢ cos 6) e (p2 sin ¢) dp de db

= foﬁ/2 cos 6 df foﬁ/2 sin? ¢do [7 pier’ dp

= [sing];/? [1¢ — Lsin2¢];/? Hep“ﬁ
=) (§) [1(®—e)] =15m (e —e)
9. [[[o /2 +y? +22dV
= [27 [T [2(p) p? sinp dp dep dO
= [y7d0 [ singdo [ p° dp
= [0)3" [—cos¢ly/® [3p"]; = (27) (1 _ @) (@)

=8 (1-4) =4r (2-3)

. [[f, a?dV = fo% OW/4 13 p*sin® ¢ cos? 0 dp do db

= 02” cos® 6df (foﬁ/‘l sin® ¢d¢) f13 ptdp

=7 [—cosd)—l— %cos3 ¢}g/4 [%p‘r’]?

= (2572) (32) = 1217 (=52)

21. By the symmetry of the problem M,, = M, = 0. Then

M,y = 02" 077/3 04 % 53 cos ¢ sin ¢ dp dep df

= Ozﬂ 077/3 cos ¢ sin ¢ (64 cos? gi)) deo db
= 027r64 [~ % cos® ¢] iig/‘% df = f027r 2Ldo =217

Hence (Z,7,%) = (0,0,2.1).





