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SECTION 12.8 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS = |

12.8 | CHANGE OF VARIABLES IN MULTIPLE INTEGRALS

N Click here for answers. IR Click here for solutions.
1-6 = Find the Jacobian of the transformation. 9-10 = Use the given transformation to evaluate the integral.
lLx=u—2v, y=2u—v 9. [[, (3x + 4y) dA, where R is the region bounded by the

linesy=x,y=x—2,y= —2x,andy = 3 — 2x;

2.x=u—v: y=u-+v’ ) .
x=3(u+v), y=50—2u)

3. x=ecosv, y=e*sinv

10. ffR (x + y) dA, where R is the square with vertices (0, 0),
(2,3),(5,1),and (3, =2); x=2u+ 30, y=3u— 20

4. x=se', y=se’'

S.x=utv+tw, y=utv—-—w z=u—-—v+tw = - - - = = = = = = =

6. x=2u, y=2302 z=4w’ 11-12 = Evaluate the integral by making an appropriate change of
variables.

L L L} L] L] L L L] L L L

1. [[,xydA, where R is the region bounded by the lines

7-8 = Find the image of the set S under the given transformation. dx—y=1,2x—y=-33c+y=1and3x + y= —2

7. S={u,v)|0<u<2 0<v<1}
x + 2y )
x=u—20,y=2u—v ﬂ dA, where R is the parallelogram bounded

cos(x — )
8 S={wv)|0<sus<l,usvs<1}
x=uy=0v by thelinesy=x,y=x—1,x +2y=0,andx + 2y =2
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12.8 | ANSWERS

A Click here for exercises.

EalE S

.3

4v
9elu
—2s
—4

6. 144vw?

. The parallelogram bounded by the lines y = 2z, y = 2z + 3,

r=2y,x=2y—6

B Click here for solutions.

8. The figure bounded by the lines x = 0, y = 1 and the
parabola z = />

11
9. 1

10. 39

66
. —35

12. 2In(sec1+tan1)
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12.8 | SOLUTIONS

SECTION 12.8 CHANGE OF VARIABLES IN MULTIPLE INTEGRALS = 3

A Click here for exercises.

"0 (u,v,w)

"0 (u,v,w)

.St u=v,0<u<1sor=u’y=uandz =y

d(z,y) | 0zx/0u Oz/ov| |1 -2
" O(u,v) | By/Ou Ay/ov | |2 —1
=1(-1)—-2(-2)=3
d(x,y) | 0z/Ou dx/Ov| |1 —2v
0 (u,v) N Ay/ou dy/Ov 1 2
= 2v — (—2’[}) = 4'[}
O(z,y) Ox/Ou Ox/dv _ 2¢%" cosv —e“sinwv
3(11,,1)) B 3y/3u 8y/8u N 2€2u sinv 62u CoSv
= 2" (cos® v + sin’ v) = 2¢**
d(z,y) Ox/Ou Oz /v _ et set
9 (u,v) | y/Ou dy/dv | |et —se
=—s5—s5=—2s8
1 1 1

8(xayaz) -1 1 —1

i
=1(1-1)—1(1+1)+1(-1—-1)=—4

20 0
8(xay7z) =10 6v 0

0 0 12w?
= (2) (6v) (12w°) = 14dvw®

.S v=0,0<u<2,s0r=u,y=2uandy = 2.

Ser u=2,0<v<1l,s0r=2-—2v,y=4—vand

r =2y —6.
Ss:v=1,0<u<2s0oxr=u—2,y=2u—1and
y =2x + 3.
St u=0,0<v<1,s0r=—2v,y=—vand2y =z.
v Y (2,4)
(0,3)
S;
©.1 @1 N
S, S s,
0 S 2o M(Qm X
(=2,-1)

2

Sy v=10<u<lsox=u?y=1.
S3: u=0,0<v<1,s0x=0,y =w.
v y

S
©.1) (A) (0.1) (LD

N
S, N

S

> 0 (u,v)

:%and

9 (x,y) _‘

W= Wl

W Wl

3z+4y = (u+v) + 3 (v—2u) = 3 (Tv — 5u). To find
the region S in the uwv-plane that corresponds to R we first
find the corresponding boundary under the given
tranformation: The line y = x is the image of

3 (v—2u) =

L(v—2u) =
% (v—2u) =
2 (v—2u) =3— 2 (u+v)orv=3. Thus S is the
rectangle [0, 2] x [0, 3] in the uv-plane and

0(x

// (3 + 4y) dA = // (70 — 5u) aE ;‘ du dv
*fo (7o —5u) (%) dudv

s(utv)oru=0y=x-2 =
Llutv)—20ru=2y=-2z =
—2(u+v)orv=0andy =32z =

=1 fo (14v — 10) dv = & (33) = L
2 3
) ggi:z; T3 9 —13, z + y = 5u + v and since
_ 2x+3y 3 -2y . )
=713 and v = 5 R is the image of the

square with vertices (0, 0), (1,0), (1,1), (0,1). Thus
[ @ +y)dA = [} [} (5u+v)|-13| dudv

=13 [, (5 +v)dv=13(3) =39
. Lettingu = 2z —yand v = 3z +y, wehave x = % (u + v),
9 (z,y) 35| 1
1 5 5
y = £ (2v — 3u). Then =| 5 5 |=rzand
Dwv) | -3 2|7 5°

//xydA /_2/_ (u+v) 21) 3u)(%>dudv
u?)

:1_25f72f,3 (21} —uv —3 du dv
=35 L, (8 + 40 —28) dv = — %

.Letu:x—y,v:w+2y,soy:%(v u) and
9 (z,y) T3l 1

z=1(2 Then J) | 3 3| = Zand

5 (2u+v). (o) 11 3 an

// x+2y / / —dvdu
R cos (z o COSU

= Efo secudu = 2 [In|secu + tanu|];

2[In(secl+tanl) —In1] = Z1In(sec1 + tan1)



