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SECTION 13.6 PARAMETRIC SURFACES AND THEIR AREAS =

13.6 | PARAMETRIC SURFACES AND THEIR AREAS

B Click here for answers.

1-4 = Find a parametric representation for the surface.

I. The part of the hyperboloid —x* — y* 4+ z*> = 1 that lies
below the rectangle [—1, 1] X [—3, 3]

2. The part of the elliptic paraboloid y = 6 — 3x? — 2z* that lies
to the right of the xz-plane

3. The part of the cylinder x* + z> = 1 that lies between the
planesy = —landy =3

4. The part of the plane z = 5 that lies inside the cylinder
x4+ y2=16

5-7 = Find an equation of the tangent plane to the given para-
metric surface at the specified point. If you have software that
graphs parametric surfaces, use a computer to graph the surface
and the tangent plane.

5. x=u’ y=u-—1v, z=v% (1,0,1)

B Click here for solutions.

6. r(u,v) = uvi + ue’j + ve'k; (0,0,0)

7. r(u,v) = (u+v)i +ucosvj+ vsinuk; (1,1,0)

8. Find the area of the part of the surface z = x + y? that lies
above the triangle with vertices (0, 0), (1, 1), and (0, 1).

9. Set up, but do not evaluate, an integral for the area of the

ellipsoid x*/a* + y*/b* + z*/c* = 1.

10. (a) Use the definition of surface area (6) to find the area of the
surface with vector equation

r(u,v) =ucosvi+ usinvj + cuk

O<sushO0<v=<2m
(b) Identify the surface in part (a) by eliminating the param-
eters and find the surface area using Equation 9.
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13.6 | ANSWERS

A Click here for exercises.

l.w:m,y:y,z:—vl—i—xz—i—y?,

-1<z<1 -3<y<3
2.:czsc,y=6—3x2—222,222,3m2+2z2§6
rz=sinf,y=y,z=c080,0<0<2m,—-1<y<3
4. x =rcosf,y=rsinf,z=50<r<4,0<6 <27
5.20—2y—2z4+1=0
6. 2=0
7. (sinl)z — (sinl)y —2 =0

B Click here for solutions.

g B _ 1
V6 3V2
_ a (b/a)\/a2—z2
9. A(S)=2[", f7<b/a)m [r> X ry| dy dz where
[tz X 1y
1 a2b? (a?h? — b22? — a?y?) + c2bia? + cPa’y?
~ ab a?b? — b2x? — a?y?

10. (a) Th’vVe2 +1

(b) Disk of radius h centered at the origin
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13.6 | SOLUTIONS

SECTION 13.6 PARAMETRIC SURFACES AND THEIR AREAS = 3

A Click here for exercises.

1. Letting z and y be the parameters, parametric equations are
rT=x,Yy=y,z= ,\/m (since the surface lies
below the rectangle) where —1 < x < land -3 <y < 3.
Alternate Solution: Using cylindrical coordinates,
z=rcos,y =rsinb, z = —/1+ r2 where
—1<rcosf <land -3 <rsinf < 3.

2. x=ux,y=6-—3x>—222 2 =z where 32> + 22> < 6

since y > 0. Then the associated vector equation is
r(z,2) =zi+ (6 —32" —22°)j+zk

3. In cylindrical coordinates, parametric equations are

z=sinf,y=y,z=co0s6,0<0 <27, —-1<y<3.

4. The surface is a disk with radius 4 and center (0,0, 5). Thus,

x=rcosf,y=rsinf, z=5where0 <r <4,

0 < 6 < 27 is a parametric representation of the surface.
Alternate Solution: In rectangular coordinates we could
represent the surface as x = x, y = y, 2 = 5 where

0 <2 +y* < 16.

5 r(u,v) = <u2,u - 1}27U2>. r, = (2u,1,0) and

r, = (0, —2v,2v), so ry X ry = (20, —4uv, —4uv). The
point (1,0, 1) corresponds to uw = 1, v = £1. So a normal
vector to the surface at (1,0, 1) is & (2, —4, —4) and an
equation of the tangent plane is 2z — 4y — 4z = —2 or
r—2y—2z+1=0.

6. r(u,v) = wvi+ ue’j+ ve'k.

ry = <'L),€v,1)€u>, ry, = <u7uev7€u>’ and

ry Xry = e (1 —uv)i+e* (uv —v)j+e¥ (uv —u)k.

The point (0, 0, 0) corresponds to w = 0, v = 0. Thus a
normal vector to the surface at (0, 0, 0) is i, and an equation
of the tangent plane is x = 0.

7. r (u,v) = (u+v) i+ ucosvj+ vsinuk.
ry = (1,cosv,vcosu), ry, = (1, —usinv, sinu), and
ry X ry, = (cosvsinu + uv cosusinv,
vcosu — sinu, —usin v — cos v)
The point (1,1, 0) corresponds to u = 1, v = 0. Thus
a normal vector to the surface at (1,1,0) is
(sinl, —sin1, —1), and an equation of the tangent plane is

(sinl)z — (sinl)y — 2z = 0.

8 z= f(x,y) = = + y* with
0<z<y,0<y <1 Thus, by Formula 9,
AS) = [[, VI+1+4y2dA= [ [V \/2+ 42 dzdy
=y
= Jy [=v2+27] L dy= [y A dy
1
=2(%) (2+4y2)3/2]0 = L (6v6 —2v2)
-3 __1_
T V6 3v2
9. Let S1 be that portion of S which lies above the plane z = 0.

Then A (S) = 2A(S1) and Sy is given by

_i\/zbz_bzz_zz hrl’_2+y_2<1r
z=—a z? — ay?, where — 4 35 < 1o

b2z? 4+ a2y2 < a?b%. Now

2,2 2
cbx
|re X ry| = {1 + e ((121)2 —b?z? — a2y2)

2 2 2 1/2
c’a’y
+ b2 (a2b2 —b2z? — a2y2)

1 022 (a2b2 02t a2y2) + Pba? + Raty?
" ab a?b? — b2x? — a2y?

_ a (b/a)y/a?2—a2 .
Then A (S) =2 [, f7<b/a)m [rz X ry|dy dz with

|re X ry| given above.
Alternate Solution: Let S1 be as above. Then in spherical
coordinates, z = asin ¢ cosf, y = bsin ¢ sin 6, and
z = ccos ¢, where 0 < ¢ < 7 and 0 < 6 < 27. Then
following Example 9,
ry X To

= besin® pcosfi+ acsin? ¢sin j + absin ¢ cos o k
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Hence,
A(S) =24(S)

2

27 /2 b
=)
0 0

10. (a) r, = cosvi—+sinvj+ ck,

c? sin* ¢ cos? 6
+a%c?sin® ¢ sin? 6

+ ab% sin” ¢ cos® ¢

r, = —usinvi+ ucosvj+ 0k, and
r, Xr, =—cucosvi—cusinvj+uk =
A(S) = ffD vy X ry|dA

= 0277 foh ve2u? + u? du dv

=+/c?+ 1f027r [%UQL})L dv = wh?V/e2 +1

(b) x =ucosv,y = usinv, z =cu =

22+ =(z/c)> = z=c\/2z%+y2 acone. To

find D, noticethat 0 <u<h = 0<z<ch =
0<cya2+y2<ch = 0<z2’+y><h% SoD
is a disk of radius % centered at the origin. Therefore

92\ 2 92\ >
ao- [ W (2) (2
C21'2 C2y2
_//13\/1+932+y2 R

= [f, VI+PdA =T+ ZA(D)
= 7'rh2\/1 + c2?




