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13.7 | SURFACE INTEGRALS

SECTION 13.7 SURFACE INTEGRALS = |

B Click here for answers.

1-6 = Evaluate the surface integral.

l. f‘s ydS,
S is the part of the plane 3x + 2y + z = 6 that lies in the
first octant

2. HS xz ds,
S is the triangular with vertices (1, 0, 0), (0, 1, 0),
and (0, 0, 1)
3. [[,xds,
Sisthesurfacey =x> + 42,0 < x<2,0<z7<2
a. [, (y* + 22)ds,
S is the part of the paraboloid x = 4 — y* — z” that lies in
front of the plane x = 0
5. H; yz dS,
S is the part of the plane z = y + 3 that lies inside the
cylinder x* + y*> =1
6. Hs yz dS,

S is the surface with parametric equations x = uv, y = u + v,
rz=u—ovutt o<1

B Click here for solutions.

7-12 = Evaluate the surface integral |

| F + dS for the given vector

field F and the oriented surface S. In other words, find the flux of F
across S. For closed surfaces, use the positive (outward) orientation.

7.

F(x,y,z) = e’i + ye*j + x’yKk,
S is the part of the paraboloid z = x? + y? that lies above the
square 0 =< x < 1,0 =< y < 1 and has upward orientation

. F(x,y,2) = x*yi— 3xy*j + 4y°k,

S is the part of the elliptic paraboloid z = x* + y* — 9 that
lies below the square 0 < x < 2,0 < y < 1 and has downward
orientation

. F(x,y,z) = xi +xyj+ xzk,

S is the surface of Problem 1 with upward orientation

. F(x,y,z) = —xi— yj + 2%k,

S is the part of the cone z = /x> + y? between the planes
z = 1 and z = 2 with upward orientation

.Fx,y,2) =xi+yj+zk,

S is the sphere x* + y*> + z> =9

. F(x,y,2) = —yi+ xj + 3zKk,

S is the hemisphere z = /16 — x? — y? with upward
orientation
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13.7 | ANSWERS

A Click here for exercises.

1. 3v14
9. V3

© 24
3, 33V33-17V17
. 6

4 % (391V17 + 1)

o
o

B Click here for solutions.

7. 3 (11— 10e)
8 —1
9. 12

73
10. Fm

11. 1087
12. 1287
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13.7 | SOLUTIONS

SECTION 13.7 SURFACE INTEGRALS = 3

A Click here for exercises.

Lr(zy) =zityj+(6-3z—-2yk,
ry X ry = 3i+ 2j+ k (the normal to the plane) and
|rz X ry| = +/14. The given plane meets the first octant in
the line3x +2y = 6,2 =0,z >0,y > 0, so
D={(z,y)|0<z<$(6-2y),0<y <3} Then
[syds =[5 [ y/Td de dy
= V14 [} (2y - 2y%) dy =3V14
2r(z,y)=zi+yj+(1l—-z—-9)k 0<z<1—y,
0<y<1,|r, xry| =+/3. Then
ffsxzdS=f01 0171“' (z(1—y)—2*) V3 dxdy
1
= VB[, [5(1-9)° -5 -9)° dy=¥
3. Using x and z as parameters, we have
r(x,z)zxi+(x2—|—4z)j—|—zk,()§x§2,0§z§2.
Thenr, x r» = (i+22j) x (4j+k) = 2zi—j+4kand
|re X r.| = /422 + 17. Thus
J[gxdS = f02f02ac\/4x2 + 17 dx dz
= [ldz [P 2V/A2® + 17 dz

=9 |: (4 + 17)3/2:|z — 33\/§g17\/ﬁ

4r(y,z2) = (47y27z2)i+yj+zk,0§y2+22 <4,so0
ry Xxr, = (—2yi+j)x(—2zi+k)=i+2yj+2zkand
|ty x r.| = \/4y? + 422 + 1. Then
ffs (y2 + zz) ds
= [ pircs (V¥ +2°) VAy? + 422+ 1dA
= [T [Zr2ET + 1rdrdo
= [Zdo [2r°\ AT+ 1dr
Substituting u = 47> + 1, so du = 8rdr and r = % (u—1),
gives

s (v +2%)ds =2m [T 5% (u—1) Vudu

17
o [2,52 2,3/
_16{5'“ 3U L

=7 [2(289V17 —1) — 2 (17V17 - 1)]
= 5 (BT &) = & (391VTT 1 1)
5. S is the part of the plane z = y + 3 over the disk
D ={(z,y) | > + y*> < 1}. Thus
JfsyzdS = [[,y(y+3) \/(0* + (1)* +1dA
=V2 [T folrsine(rsin0+3)rdrd0
—\/_f [$r*sin® 6 + r®sin6] dG
:\/_fo (1 sin”® 0 + sin6) d6
= V3[E (20— 4 sin20) — cost]?" = L=

6. r(u,v) =wi+ (u+v)j+ (u—v)k u?+0*<1and
|ty X ro| = V4 + 2u? + 202 (see Exercise 13.6.43 in the
text). Then

ffé yxdS = ffug_‘_vgg (u2 — v2) V44 2u? + 202 dA
= 02” 01 r? (cos® § — sin® 0) /4 + 2r2 r dr df
= [ OQW (cos® 6 — sin” 0) d@} [fol VA F 2r2 dr}
= 0 since the first integral is 0.
1. F(r(x,y)) = e¥i+ ye® j + 2%yk and
ry Xxry, =—2zi—2yj+k. Then
F(r(z,y)) - (rs x ry) = —22e¥ — 2y%e® + 2%y and
[JgF-dS = fol fol (—2ze¥ — 2y°e” + 2°y) dz dy
= fol (fey — 2ey2 + %y + 2y2) dy
= ¢ (11— 10e)
8 F(r(z,y) = z%yi—3zy°j+ 4°k,
ry X ry = 2zi+ 2yj — k (since downward), and
F(r(z,y)) - (rs x ry) = 22%y — 62y® — 4y, Hence
JJgF-dS = foz fol (22%y — 62y® — 4y°) dy d=
:f02($3,%x,1) dr = -1
9. As in Problem 1,
D={(z,y)|0<2<20<y<1(6-3)}.

[[F-dS = [2 [ O30/ 105 + 2y j+ = (6 — 3z — 2y) K]
31+ 2j +k)dydx
*fo (6-8x)/2 (97 — 32°) dy dz
= [ [272 — 27 + §2°] dw = 12

T - y
Va2 + 2 Va2 + 12

10. rp X Ty = — j+ k (since
upward) and

F(r(z,y)) - (rz Xry) =
1< az?+4y% < 4. Then
JIF-dS = [[ieporyocs (VAP + 57 +a +37) dA

= 027r ff (r + 7'2) rdrdf = 2 (%) — o

ac2+y2

+ 22 + y? where

1. F(r(¢,0)) = 3sin¢gcosfi+ 3singsindj+ 3cospkand
rg X rg = 9sin® pcos @i+ 9sin® ¢sinf j+ 9sin ¢ cos k.
Then
F(r(¢,0)) - (rs x ro)
= 27sin® ¢ cos? 6 + 27 sin® ¢ sin®  + 27 sin ¢ cos® ¢
= 27sin¢

and

[[F-dS = [27 [T 2Tsin¢dpdf = (2m) (54) = 108.
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12. F (r (¢,0)) = —4sin¢sinf i+ 4sinpcosfj+ 12cos gk

and
ry X v = 16sin? ¢ cos i + 16 sin® $sin 6 j
+ 16sin ¢ cos p k
Then
F (r(4,0)) - (ry x ro)
= —64sin® ¢sinf cos § + 64 sin® ¢ sin 6 cos §
+ 192sin ¢ cos? ¢
= 192sin ¢ cos? ¢
and
[[4F-dS = [27 [7/*192sin ¢ cos? ¢ d¢p dO

/2

=2 [—64 cos® ¢}

= 1287



